Weakly regular T2 symmetric spacetimes. The global geometry of future
  developments by LeFloch, Philippe G. & Smulevici, Jacques
ar
X
iv
:1
01
2.
59
31
v2
  [
gr
-q
c] 
 23
 A
pr
 20
11
Weakly regular T2–symmetric spacetimes.
The global geometry of future developments
Philippe G. LeFloch∗ and Jacques Smulevici†
April 2011
Abstract
Under weak regularity assumptions, only, we develop a fully geometric theory of vacuum
Einstein spacetimes with T2–symmetry, establish the global well-posedness of the initial value
problem for Einstein’s field equations, and investigate the global causal structure of the con-
structed spacetimes. Our weak regularity assumptions are the minimal ones allowing to give a
meaning to the Einstein equations under the assumed symmetry and to solve the initial value
problem. First of all, we introduce a frame adapted to the symmetry in which each Christoffel
symbol can be checked to belong to Lp for p = 1, 2, or∞. We identify certain cancellation prop-
erties taking place in the expression of the Riemann and Ricci curvatures, and this leads us to a
reformulation of the initial value problem for the Einstein field equations when the initial data
set has weak regularity. Second, we investigate the future development of a weakly regular
initial data set. We check that the area R of the orbits of symmetry must grow to infinity in the
future timelike directions, and we establish the existence of a global foliation by the level sets
of the function R. Our weak regularity assumptions only require that R is Lipschitz continuous
while the metric coefficients describing the initial geometry of the orbits of symmetry are in the
Sobolev space H1 and the remaining coefficients have even weaker regularity. We develop here
the compactness arguments required to cover the natural level of regularity associated with the
energy of the system of partial differential equations determined fromEinstein’s field equations.
1 Introduction
This is the first of a series of papers [19, 20] devoted to weakly regular spacetimes of general
relativity satisfying Einstein’s vacuum field equations under certain symmetry assumptions. One
of the main difficulties we overcome here is precisely to determine the natural weak regularity
conditions that are required to handle the Einstein equations under the assumed symmetry. In
this framework, for any initial data set with weak regularity, we determine the global geometric
structure of the associated Cauchy development. Specifically, we impose that the initial data are
defined on a manifold diffeomorphic to the 3-dimensional torus T3 and are invariant under the
action of the Lie group T2. This requirement characterizes the so-called T2–symmetric spacetimes
on T3 with possibly non-vanishing twist constants. This symmetry assumptions allows to study
the propagation and dispersion of gravitational waves.
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A large literature is available on such spacetimes when sufficiently high regularity on the
initial data is assumed. Let us especially refer to Moncrief [23], Chrus´ciel [7], Berger, Chrus´ciel,
Isenberg, and Moncrief [3], and Isenberg and Weaver [14]. (For further references, cf. [25, 31].)
The present paper is also motivated by the earlier work by LeFloch and Stewart [21, 22] (see also
[1]) and LeFloch and Rendall [17], who treated a special case of T2-symmetric spacetimes, namely
Gowdy–symmetric spacetimes, coupled to matter and satisfying the Einstein-Euler equations.
Therein, it was recognized that, due to the formation of shock waves in the fluid and by virtue of
the Einstein equations, only weak regularity on the geometry can be allowed and, therefore, these
papers provide a motivation for the present work. In addition, we recall that Christodoulou’s
proof [6] of Penrose’s cosmic censorship conjecture for spherically symmetric spacetimes also
relied on the introduction of a class of spacetimes with weak regularity.
In the present paper, we introduce a fully geometric1 well-posedness theory covering a large
class of weakly regular spacetimes. We determine the optimal regularity conditions of weak
regularity that allow one to establish the existence of future developments of weakly regular
initial data sets. We also thoroughfully describe the global geometry of the constructed spacetimes.
To this end, we provide novel a priori estimates for the Einstein equations under the assumed
symmetry, which only assume ourweak regularity assumptions and, in turn, require us to develop
a new compactness strategy leading to the existence, uniqueness, and stability of solutions to the
Einstein equations under the assumed symmetry. For additional results,we refer to the companion
papers [19, 20] inwhich, especially,weprovide a complete descriptionof the long-time asymptotics
of T2–symmetric spacetimes. These results were first announced in [18].
Let us recall briefly the formulation of the initial value problem in general relativity (in the
vacuum case). An initial data set for the vacuum Einstein equations is a triple (Σ, h,K) such that
(Σ, h) is a 3-dimensional Riemannian manifold, K is a symmetric 2-tensor field defined on Σ, and
satisfying the so-called Einstein’s constraint equations
R(3) − |K|2 + (trK)2 = 0, (1.1)
∇(3) jKi j − ∇(3)i trK = 0, (1.2)
in which the covariant derivative ∇(3) and the scalar curvature R(3) are computed from the Rie-
mannian metric h. Then, a solution to the initial value problem associated with the initial data set
(Σ, h,K), by definition, is a (3 + 1)-dimensional Lorentzian manifold (M, g) satisfying the vacuum
Einstein equations
Rµν = 0, (1.3)
together with an embedding φ : Σ → M such that φ(Σ) is a Cauchy surface of (M, g) and the
pull-back of its first and second fundamental forms coincides with h and K, respectively. By
convention, for instance in (1.1)–(1.3), Greek indices describe 0, . . . , 3 while Latin indices describe
1, 2, 3.
Recall that the existence of a unique (up to diffeomorphism) maximal globally hyperbolic
solution (M, g), ormaximalCauchydevelopment, was established inpioneeringworkbyChoquet-
Bruhat [10] and Choquet-Bruhat and Geroch [5]. The local existence theorem given by Hughes,
Kato, and Marsden [12] requires that the initial data (h,K) belong to the Sobolev space Hs
loc
(Σ) ×
Hs−1
loc
(Σ) for some s > 5/2. The current state of the art is provided by Klainerman and Rodnianski
[15] (see also [29]) and requires asymptotically flat initial data with s > 2, only.
We are now in a position to sketch the main results established in the present paper about the
existence and the global structure of the development of weakly regular initial data sets. For the
precise definitions and concepts used nowwe refer to Section 2, below. While we restrict attention
1Only coordinate-independent results are of interest in general relativity, although certain gauge choices must be made
for the Einstein equations to be amenable to techniques of partial differential equations.
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to the class of T2–symmetric spacetimes, our regularity assumptions are far below those covered
in all previous works (with or without symmetry). As far as the initial data set is concerned, our
weak regularity conditions can be summarized as follows. First of all, we assume that the area R
of the orbits of T2–symmetry is Lipschitz continuous, and we observe that additional regularity
on the function R (i.e. it admits integrable second-order derivatives) is implied by Einstein’s
constraint equations. The remaining components of the data set prescribed on the initial slice Σ
either represent the geometry of the T2–orbits and are assumed to belong to the Sobolev space
H1(Σ), or represent its orthogonal complement and have even lower regularity. Aweak regularity
property is also imposed on the second fundamental form. (See again Section 2, below.)
The first result established in this paper is as follows.
Theorem 1.1 (Weak formulation of the Einstein equations for weakly regular spacetimes). If
(Σ, h,K) is a weakly regular T2-symmetric triple, then Einstein’s constraint equations (1.1)-(1.2) can be
reformulated in a weak sense. Similarly, if (M, g) is a weakly regular T2-symmetric Lorentzian manifold,
then Einstein’s (constraint and evolution) field equations (1.3) can be reformulated in a weak sense.
Section 2, below, is devoted to proving this theorem and therein, in particular, we define our
terminology. Importantly, we prove that not all Christoffel symbols and curvature components
make sense asdistributions, but only those that turnout next to be relevant to theweak formulation
of the Einstein equations. To dootherwise, additional regularitywould be necessary, as recognized
by LeFloch andMardare [16]. For the proof of Theorem 1.1, we introduce a frame suitably adapted
to the symmetry and we uncover certain cancellation properties within the standard expressions
of the Riemann and Ricci curvatures, which allow us to suppress certain (otherwise ill-defined)
terms.
Our second main result establishes the existence of a weakly regular, future Cauchy develop-
ment of any given initial data set, and provides detailed information about the global geometric
structure of the constructed spacetime. In particular, we establish that these weakly regular de-
velopments may be covered by a global foliation whose spacelike leaves coincide with the level
sets of the area function R, as stated now.
Theorem 1.2 (Well-posedness theory for the Einstein equations of weakly regular spacetimes).
Given any weakly regular T2-symmetric initial data set (Σ, h,K)with topology T3 whose orbits of symmetry
have initially constant area denoted by R0 > 0, there exists a weakly regular, vacuum spacetime with T2–
symmetry on T3, say (M, g), which is a future development of (Σ, h,K), is maximal among all T2-symmetric
developments, and admits a unique global foliation by the level sets of R ∈ [R0,∞).
The restriction that the initial slice has constant area is not an essential assumption and is
made only for convenience in the presentation. The proof of this theoremwill rely on the material
developed in Sections 3 to 6 and be finally provided at the end of Section 7.
Importantly, the new compactness arguments developed in the present paper for the Einstein
equations with weakly regular initial data are completely different from those known for regular
initial data. Indeed, many key estimates derived in [23, 3] no longer hold for our larger class of
spacetimes, especially the estimates involving second-order derivatives of the metric coefficients.
Interestingly, our analysis relies on two different coordinate charts. One difficulty arises from
the fact that these coordinates systems must be constructed together with the solution to the
Einstein equations and, therefore, also enjoy weak regularity. The passage from one coordinate
chart to another and the preservation of weak regularity is rigorously established in this paper
(cf. Section 5.2, below). On one hand, the required compactness property is established by
identifying a certain null structure of the Einstein equations in the so-called conformal gauge under
consideration; the conformal coordinates are better suited to establish compactness properties of
solutions since the equations become semi-linear, whereas the constraints and certain nonlinear
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terms take a more involved form. On the other hand, in order to analyze the global structure of
the spacetime, areal coordinates are necessary and allows us to control the long-time behavior of
solutions; they have the advantage that the constraints degenerate to first-order equations and the
evolution equations admit a monotone energy-like functional.
To establish an existence result for the Einstein equations, we need to investigate the constraints
imposed on the initial data by the Einstein equations. We propose here a new regularization
scheme that allows us to approximate any weakly regular initial data set by a sequence of smooth
initial data sets, while preserving the Einstein constraints. In addition, we establish the existence
of weakly regular initial data sets, in which each metric coefficient has the assumed regularity,
only.
An outline of this paper follows. In Section 2, we define the class of weakly regular initial data
and spacetimes of interest, and we provide a fully geometric reformulation of the Einstein con-
straint and evolution equations and arrive at a proof of Theorem 1.1, above. Then, in Section 3, we
reformulate the assumed regularity in certain (admissible, conformal, areal) coordinates adapted
to the symmetry. In Section 4, we express the weak form of the Einstein equations as a system of
partial differential equations whose (generalized) solutions are understood in the sense of distri-
butions. Section 5 contains some preliminary results and, in particular, includes a discussion of
the regularization of initial data sets. Section 6 is concerned with local existence and compactness
arguments, and takes advantage of the structure of the Einstein equations under the assumed
symmetry. Finally, in Section 7 we analyze the global geometry of the constructed spacetime, and
complete the proof of Theorem 1.2, above.
2 Geometric formulation
2.1 Weakly regular T2–symmetric Riemannian manifolds
All topological manifolds2 under consideration are of class C∞, that is, are defined by local
charts such that the overlap maps are of class C∞. On the other hand, metric structures under
consideration have low regularity, specified in the course of our analysis. The Lie derivative LZh
of a measurable and locally integrable 2-tensor h (on a differentiable manifold) is defined in the
weak sense, for any C1 vector fields X,T,Z, by
(LXh)(T,Z) := X(h(T,Z))− h(LXT,Z) − h(T,LXZ), (2.1)
in which the last two terms are (classically defined as) locally integrable functions (that is, in L1
loc
),
but the first one is defined in a weak sense, only, as is now explained. Namely, given a measurable
and locally integrable function f , its differential d f is defined in the distributional sense by using
local coordinate charts, then d f is extended to apply in aweak sense to C1 vector fields and, finally,
one sets X( f ) := d f (X).
Throughout, we use a standard notation for Lebesgue and Sobolev spaces, and we begin
several definitions.
Definition 2.1. A weakly regular T2–symmetric Riemannian manifold (Σ, h) is a compact, C∞
differentiable 3-manifold endowed with a tensor field, enjoying the following properties:
1. Riemannian structure. The field h is a Riemannian metric in L∞, whose associated volume form
has its coefficient bounded below (in any given smooth frame of Σ).
2All manifolds in this paper are assumed to be Hausdorff, orientable, connected, and paracompact.
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2. Symmetry property. The Riemannian manifold (Σ, h) is invariant under the action of the Lie group
T2 generated by two (smooth, linearly independent, commuting) Killing fields X,Y (with closed
orbits) satisfying, therefore, in particular
LXh = 0, LYh = 0, (2.2)
understood in the weak sense (2.1).
3. Regularity on the orbits. The functions h(X,X), h(X,Y), and h(Y,Y) belong to the Sobolev space
H1(Σ; h), and the area R of the orbits of symmetry defined by
R
2
:= h(X,X) h(Y,Y)− h(X,Y)2, (2.3)
which then lies in W1,1(Σ; h), actually belongs to W1,∞(Σ).
4. Regularity on the orthogonal of the orbits. There exists a (smooth) vector field Θ defined on
Σ such that (X,Y,Θ) forms a frame of commuting vector fields (LXΘ = LYΘ = 0) for which, by
introducing the (non-smooth!) vector field
Z := Θ + aX + bY, Z ∈
{
X,Y
}⊥
, (2.4)
for some real functions a, b, the regularity h(Z,Z) ∈W1,1(Σ; h) holds with3
inf
Σ
h(Z,Z) > 0. (2.5)
Observe that the existence of the (non-vanishing) commuting vector fields (X,Y,Θ) implies
that Σ is diffeomeorphic to the 3-torus T3. (See [7].) In the context of Definition 2.1, we refer to
the triple (X,Y,Z) as an adapted frame on Σ. The above definition is fully geometric, as it is easily
checked (using (2.34), below) that it does not depend on the specific choice of Killing fields within
the generators of the T2-symmetry. We emphasize that no regularity is required on the derivatives
of the “cross-terms” h(X,Θ) and h(Y,Θ). On the other hand, since h is a Riemannian metric the
definition (2.3) yields a positive function R
2
and, since R is a continuous function defined on a
compact set,
min
Σ
R > 0. (2.6)
The strictpositivity conditions (2.5) and (2.6) ensure that the isomorphism ♯ (and the isomorphism ♭ ,
respectively) which transforms covectors into vectors (and vice-versa, resp.) corresponds to a
multiplicative operator with L∞ coefficients.
To fully describe the class of initial data sets of interest, we need to consider Riemannian man-
ifolds endowed with a 2-covariant tensor field which, later, will stand for the second fundamental
form describing the extrinsic geometry of the initial slice.
Definition 2.2. A weakly regular T2–symmetric triple (Σ, h,K) is a weakly regular T2–symmetric
Riemannian manifold (Σ, h), with adapted frame (X,Y,Z), satisfying the following conditions:
1. Regularity property. The field K is a symmetric 2-tensor field on Σ enjoying the regularity
K(Z,Z) ∈ L1(Σ; h) (2.7)
and, for all pair (U,V) , (Z,Z) with U,V ∈
{
X,Y,Z
}
,
K(U,V) ∈ L2(Σ; h). (2.8)
3One can easily check that, in fact, (2.5) is a consequence of the assumed regularity and symmetry.
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2. Symmetry property. The field K is invariant under the action of the Lie group T2 generated by
(X,Y):
LXK = LYK = 0, (2.9)
understood in the weak sense (2.1).
3. Additional regularity. The following trace of K on the orbuts of symmetry
Tr(2)(K) : = h−1(X,X)K(X,X) + 2h−1(X,Y)K(X,Y) + h−1(Y,Y)K(Y,Y)
∈ L∞(Σ), (2.10)
in which each product involves anH1 function and an L2 function, and h−1 denotes the inverse metric.
As far as solutions to the Einstein equations (which are not assumed yet) are concerned, the
additional regularity in (2.10) corresponds to a Lipschitz continuous bound on the time derivative
of the area R of the orbits of symmetry, and therefore is a natural regularity condition in view of
the assumption R ∈ W1,∞ made in Definition 1.1. Importantly, the weak regularity described in
the above two definitions is precisely the one suitable to deal with the constraints associated with
Einstein’s field equations, as will be shown in Section 2.3, below.
2.2 Weakly regular T2–symmetric Lorentzian manifolds
We now introduce a class of spacetimes endowed with a time function.
Definition 2.3. An L∞ Lorentzian structure is a (3+ 1)-dimensional manifoldM (possibly with bound-
ary) endowed with a Lorentzian metric g in L∞
loc
(M) whose volume form is L∞
loc
bounded below.
Definition 2.4. On an L∞ Lorentzian structure (M, g) with topology M ≃ I × Σ (I being a non-empty
interval and Σ a compact 3-manifold), an L∞ normal foliation compatible with the metric g is
determined by a function t ∈ C∞(M) which defines a foliation by hypersurfaces Σt of constant time t, C∞
diffeomorphic to Σ, and satisfies the following conditions uniformly within any compact subset of I:
1. The normal vector field T := ∇t is timelike,
2. there exists a family of Riemannian metrics h(t) defined on Σt and belonging to L
∞, together with
their inverse h−1(t), and
3. the metric reads
g = g(t) = −n(t)2 dt2 + h(t), h(t) = (hi j(t)), (2.11)
with n(t) := (−g(T,T))1/2 > 0 is referred to as the lapse function and is assumed to be bounded below
in L∞(Σ).
Definition 2.5. Let M be a C∞ differentiable manifold endowed with an effective action G : M × T2 → M
of the Lie group T2, and a C∞ function t : M → R whose level surfaces are smooth embedded hypersurfaces
Σt. This t-foliation is said to be compatible with the T
2 symmetry if G induces an action on each leave
of the foliation, that is, the restriction of G to Σt ×T2 takes its image in Σt and defines an action of T2 on Σt.
Definition 2.6. A weakly regular T2–symmetric Lorentzian manifold with spatial topology Σ is a
4-manifold (M, g) endowed with an L∞ Lorentzian structure and an effective action of the Lie group T2
satisfying the following property. For any normal foliation Σt (t ∈ I) compatible with g and determined by
a T2–symmetric compatible, time-function t, the following conditions hold:
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1. Symmetry property for the lapse. For any two vector fields X,Y generating the T2–action
LX(n
2) = LY(n
2) = 0 (2.12)
in the weak sense, where n is the lapse function associated with t.
2. Timelike regularity. There exists a smooth vector field Θ defined on M such that (X,Y,Θ) is
orthogonal to T and forms a frame of commuting vector fields (tangent to the slices). Introducing the
vector field
Z := Θ + aX + bY, Z ∈
{
T,X,Y
}⊥
, (2.13)
one imposes that the components of the field LT(h(t)) in the frame (X,Y,Z) belong to L1(Σ; h(t)),
uniformly in t in any compact subset of I.
3. Spacelike regularity. Finally, for each t (and uniformly within any compact subset of I), the triple
(Σt, g(t),K(t)), with
K(t)(U,V) := − 1
2n
(LTg)(U,V), U,V ∈
{
X,Y,Z
}
(2.14)
is a weakly regular T2–symmetric triple in the sense of Definition 2.2 such that the restriction of
(X,Y,Z) to Σt is an adapted frame. The implied constants are assumed to be bounded on each compact
subset of I, and one can define the corresponding area function
R2 := g(X,X) g(Y,Y)− g(X,Y)2. (2.15)
4. Conformal metric regularity. Finally, one also imposes that
ρ2(t) :=
h(Z,Z)
n(t)2
= − g(Z,Z)
g(T,T)
∈W1,∞(Σ). (2.16)
Spacetimes satisfying the above definition will indeed be constructed in the present work
by solving the initial value problem for the Einstein equations from initial data sets satisfying
Definitions 1.1 and 2.2. We will first construct one specific foliation along which the regularity
conditions in the definition are satisfied and, second, deduce the same regularity along general
foliations. Note also that the function ρ2 = −g(Z,Z)/g(T,T) in (2.16) determines the conformal
quotient metric and the wave operator relevant later in this paper to deal with the evolution part
of the Einstein equations. Observe that the definition (2.14) together with (2.1) allow us to write,
for all ei, e j ∈
{
X,Y
}
,
K(t)(ei, e j) = − 1
2n
T
(
g(t)(ei, e j)
)
, K(t)(Z,Z) = − 1
2n
T
(
g(t)(Z,Z)
)
,
K(t)(Z, ei) = K(t)(ei,Z) =
1
2n
g(ei,LZT),
which, by our definition, are L1 or L2 functions on each slice.
Let us now discuss the condition (2.10) which, as we claimed, is equivalent to a sup-norm
bound on the first-order time-derivative of the function R, provided we specify the timelike
direction in which to compute the derivative. Precisely, recall that when the data are sufficiently
regular, at least, and whenever Σ is identified with a hypersurface with unit timelike normal N,
then Tr(2)(K) is given by
Tr(2)(K) = N(lnR). (2.17)
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In Lemma 2.9, below, we sate this formula within the low regularity class of interest. Let us begin
with an analogous result first and observe that the identity (2.18), below, holds almost everywhere,
only, unless additional regularity is imposed.
Lemma 2.7 (Normal derivative of the volume element). Let (M, g) be a weakly regular T2-symmetric
Lorentzian manifold with time function t, and let K be the second fundamental form associated with a
slice of constant time t which is defined within an adapted frame as presented in Definition 2.6. Then, the
trace Tr(K) := hi j Ki j of the second fundamental form is the time derivative of (a nonlinear function of) the
determinant h := det hi j and, more precisely,
Tr(K) := N
(
ln
√
h
)
almost everywhere inM. (2.18)
Proof. For completeness, we provide a proof of this result. Without loss of generality, assume that
N = ∂∂t and that ei and e j are commuting vector fields tangent to M. On one hand, we have
Tr(K) = hi jKi j = −hi jg(N,∇eie j) = −hi jgαβNαΓβi j =
1
2
hi jhi j,t,
where , t denotes a partial derivative. On the other hand, we can compute det hi j by developing
around the line with index i, that is, det hi j = H
(i) jh(i) j, where (i) is a fixed index (no sum over i)
and Hi j denote the cofactor of hi j. In particular, one sees from the last expression that h seen as a
function of the hi j satisfies
∂h
∂hi j
= Hi j = hh ji, and we find
N(ln
√
h) =
1
2h
∂h
∂hi j
hi j,t =
1
2
hi jhi j,t. 
We are now in a position to introduce the second fundamental form associated with the orbits
of symmetry (of any T2-symmetric weakly regular Riemannian manifold). Observe that, again
due to our low regularity assumptions, a family of second fundamental forms defined almost
everywhere, only, can be introduced here.
Definition 2.8. Let (M, g) be a weakly regular T2–symmetric Lorentzian manifold with adapted frame
(X,Y,Z). Then, the weak version of the second fundamental form in the Z-direction associated
with the orbits of symmetry is defined (almost everywhere, only) as the tensor field
χi j := −1
2
(
h(t)(Z,Z)
)−1/2
γai γ
b
j Z
(
h(t)ab
)
almost everywhere inM,
where γa
i
is the projector on the space generated by X,Y, with i, j = X,Y,Z and a, b = X,Y. Similarly,
the weak version of the second fundamental form in the T-direction associated with the orbits of
symmetry is defined (almost everywhere, only) as the tensor field
κi j := −1
2
(
h(t)(T,T)
)−1/2
γai γ
b
j T
(
h(t)ab
)
almost everywhere inM.
Recall that, by definition, γa
i
= ha
i
− h(Z,Z)−1 ZaZi. Thus, in view of Definition 2.1, the compo-
nents of γa
i
in the frame (X,Y,Z) are in L∞(Σ, h(t)), and it follows from the H1 regularity of hab that
χ belongs to L2(Σ; h(t)), uniformly in the time variable on any compact time interval. The same is
true for the components of κ, so
χi j, κi j ∈ L2(Σ; h(t)) locally uniformly in t. (2.19)
Similarly to Lemma 2.7, we can prove the following statement whose proof is omitted.
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Lemma 2.9 (Normal derivative of the area element). If (M, g) is a weakly regular Lorentzian manifold
with adapted frame (X,Y,Z), thenTr(2)(χ) is determined by the (normalized) Z-derivative of the area element:
Tr(2)(χ) := hab χab =
(
h(t)(Z,Z)
)−1/2
Z
(
lnR
)
almost everywhere inM. (2.20)
Similarly, Tr(2)(κ) is determined by the (normalized) T-derivative of the area element:
Tr(2)(κ) := hab κab = − 1
n
T
(
lnR
)
almost everywhere inM. (2.21)
2.3 Weak version of Einstein’s constraint equations
Christoffel symbols
The standard definition of the Christoffel symbols involves certain nonlinear terms that cannot be
defined even as distributions, under the weak regularity conditions introduced in Sections 2.1 and
2.2, above. A fortiori, it is unclear whether any component of the curvature could be well-defined.
In fact, for general manifolds, the minimal regularity assumption for the curvature to make sense
as a tensor distribution is known to be H1 ∩ L∞, as discussed in [16]. In the present paper,
we assume a weaker regularity for certain components of the metric and take advantage of the
symmetry of the spacetimes under consideration. We are then able to re-formulate the Einstein’s
constraint and evolution equations so that, for weakly regular T2–symmetric spacetimes, all of the
geometric objects of interest are well-defined in a suitably weak sense, and our definitions reduce
to the classical ones when sufficient regularity is assumed.
First of all, we emphasize that a fully geometric standpoint based on an adapted frame, as
we propose in this work, is required. Indeed, under the conditions stated in Proposition 2.10,
below, one cannot define the Christoffel symbol Γθθθ, as this would involve products of the form
hiθ ∂θhθb (with b = x, y), which cannot be defined in the weak sense when hθb ∈ L∞(Σ). This is why
we introduce a (non-smooth) adapted frame (X,Y,Z) (as defined in (2.4) or (2.13)) in which the
problematic terms vanish by construction since Z is orthogonal to X,Y.
A preliminary remark is in order. The vector field Z introduced is not smooth so that it does
not apply to general functions of class L1, but yet can be applied to T2–symmetric functions, by
defining
Z( f ) := Θ( f ) for T2–symmetric f ∈ L1(Σ),
in which the right-hand side involves the C∞ vector field Θ determining the frame (X,Y,Θ), as in
Definition 2.1. In the following, this observation will be used without further notice.
Proposition 2.10 (Regularity of the Christoffel symbols in an adapted frame). Let (Σ, h) be a weakly
regular T2–symmetric Riemannian manifold with adapted frame (X,Y,Z) and, for all i = X,Y,Z and
a, b = X,Y, consider the formal expressions Γi
jk
defined by
Γ
c
ab := 0, Γ
Z
ab := −
1
2
hZZ Z(hab), Γ
Z
aZ = Γ
Z
Za := 0,
Γ
b
aZ = Γ
b
Za :=
1
2
(
hbX Z(haX) + h
bY Z(haY)
)
,
Γ
X
ZZ = Γ
Y
ZZ := 0, Γ
Z
ZZ :=
1
2
hZZ Z(hZZ).
Then, for ( j, k) , (Z,Z), the symbols Γi
jk
are well-defined as functions in L2(Σ; h), while ΓZ
ZZ
is well-defined
as a function in L1(Σ; h) and, in addition,
Γ
a
aZ ∈ L∞(Σ). (2.22)
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Moreover, if (Σ, h) is sufficiently regular, then these functions Γi
jk
coincide with the standard Christoffel
symbols (in the frame X,Y,Z) associated with the metric h.
Proof. We observe that the given expressions do make sense and have the claimed regularity, as
follows immediately from Definition 2.1. The additional regularity on Γa
aZ
is a direct consequence
of Lemma 2.9. On the other hand, when the data are sufficiently regular and sinceX,Y,Z commute,
the Christoffel symbols can be computed in a standard way. For i = X,Y,Z and a, b = X,Y and by
using the symmetry properties of h and the orthogonality condition Z ∈
{
X,Y
}⊥
, we find
Γ
i
ab =
1
2
hi j
(
haj,b + h jb,a − hab, j
)
= −1
2
hiZZ(hab),
Γ
Z
aZ =
1
2
hZj
(
haj,Z + h jZ,a − haZ, j
)
= 0,
Γ
b
aZ =
1
2
hbj
(
haj,Z + h jZ,a − haZ, j
)
=
1
2
(
hbX Z(haX) + h
bY Z(haY)
)
,
Γ
a
ZZ =
1
2
haj
(
2h jZ,Z − hZZ, j
)
= 0,
Γ
Z
ZZ =
1
2
hZj
(
2hZj,Z − hZZ, j
)
=
1
2
hZZ Z(hZZ).
(2.23)
Hence,when thedata are sufficiently regular,Γi
jk
docoincidewith the standardChristoffel symbols.

Weak version of the second fundamental forms of the orbits
It follows from Proposition 2.10 that, for weakly regular T2-symmetric Riemannian manifolds, the
main obstacle in defining the curvature tensor in the sense of distributions (in the frame X,Y,Z)
comes from the component ΓZ
ZZ
which is only in L1(Σ; h) and, therefore, can not be multiplied by
Christoffel coefficients —which are solely in L2(Σ; h) or L1(Σ; h). Fortunately, as we check it below,
for sufficiently regular T2–symmetric spacetimes and within the expression of the curvature, the
formal products involving such coefficients cancel out. This suggests to redefine the Ricci scalar
by a new formula taking into account this cancellation, as we now explain.
We now rely on Definition 2.8 above, especially on the tensor χ. Indeed, to arrive at a weak
version of the curvature, we now take advantage of a (2 + 1)–decomposition into, on one hand,
intrinsic and extrinsic contributions of the orbits of symmetry and, on the other hand, a remainder
containing the contributions of the orthogonal to the orbits. The orbits of symmetry being flat by
assumption, their intrinsic geometry is trivial, while their extrinsic geometry is characterized by
their second fundamental form, as introduced in Definition 2.8 above. Once again, we take into
account the symmetry assumptions in order to go below the standard regularity assumption in
[16].
Weak version of the Hamiltonian constraint
To write down a weak form of the Ricci scalar, denoted by R(3), we need first to redefine the
component R(3)
ZZ
of the Ricci tensor, as follows. The following definition will be fully justified
below in the proof of Proposition 2.14, where terms of the form ±ΓZ
ZZ
ΓZ
ZZ
will be checked to cancel
out and, for that reason, do not arise in the following definition.
Definition 2.11. Let (Σ, h) be a weakly regular T2–symmetric Riemannian manifold with adapted frame
(X,Y,Z). Theweak version of the Ricci curvature in the direction (Z,Z) is defined as
R
(3)
ZZ
:= −Z(ΓaaZ) + ΓaaZΓZZZ − ΓabZ ΓbaZ, (2.24)
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where the first term of the right-hand side is defined in the weak sense, only, and the other terms are products
of the type L∞L1 or L2L2.
Based on the above definition, we can now formulate the Hamiltonian constraint in the weak
sense. First, we observe that, in viex of Gauss equation and the flatness of the orbits of symmetry,
R(3) = 2h(Z,Z)−1R(3)
ZZ
+ |χ|2 −
(
Tr(2)(χ)
)2
for sufficiently regular metrics (2.25)
(with χ given in Definition 2.8). However, in our setting, the Ricci curvature term R(3)
ZZ
is defined
in the weak sense (2.24), only, and it does not make sense to multiply it by the factor h(Z,Z)−1.
This motivates us to introduce the following normalized version.
Definition 2.12. Let (Σ, h) be a weakly regular T2–symmetric Riemannian manifold with adapted frame
(X,Y,Z). Then, theweak version of the normalized scalar curvature of (Σ, h) is defined as
R
(3)
norm := 2R
(3)
ZZ
+ h(Z,Z)
(
|χ|2 − (Tr(2)(χ))2
)
,
in which χ is the weak version of the second fundamental form in the Z-direction. In addition, a weakly
regular T2–symmetric triple (Σ, h,K) is said to satisfy theweak version of the Hamiltonian constraint
if
R
(3)
norm + h(Z,Z)
((
Tr(K)
)2 − |K|2) = 0. (2.26)
Remark 2.13. The weak form of the Hamiltonian constraint is independent of the specific choice of Killing
vectors X,Y. Indeed, the orthogonal complement to the orbits is uniquely determined and, thus, the vector
field Z is uniquely determined up to multiplication by a C∞ function, which does not change the set of
solutions to (2.26).
Proposition 2.14 (Equivalence with the classical definition). Let (Σ, h,K) be a weakly regular T2–
symmetric triple. If h,K are sufficiently regular, then (Σ, h,K) satisfies the weak version of the Hamiltonian
constraint equation (in the sense of Definition 2.12) if and only if it satisfies the constraint equation (1.1)
in the classical sense.
Proof. In view of (2.25), the result follows if, assuming now sufficient regularity, we can prove
that the classical definition for R
(3)
ZZ
coincides with the one adopted in Definition 2.8. Namely,
computingR
(3)
ZZ
in the classical sense from the trace of theRiemanncurvature,wefindR
(3)
ZZ
= Ω1+Ω2
with (a coma indicating differentiation)
Ω1 := Γ
i
ZZ,i − ΓiiZ,Z, Ω2 := Γ jjiΓiZZ − Γ
j
Zi
Γ
i
jZ.
On one hand, since ΓaZZ,a = 0 we have
Ω1 = Γ
a
ZZ,a + Γ
Z
ZZ,Z − ΓZZZ,Z − ΓaaZ,Z = −Z(ΓaaZ).
in which we have cancelled out the terms ±ΓZ
ZZ,Z. On the other hand, we have
Ω2 =Γ
Z
ZZΓ
Z
ZZ + Γ
a
aZΓ
Z
ZZ + Γ
Z
ZaΓ
a
ZZ + Γ
a
abΓ
b
ZZ
− ΓZZZΓZZZ − ΓZZbΓbZZ − ΓaZZΓZaZ − ΓaZbΓbaZ
=Γ
a
aZΓ
Z
ZZ − ΓaZbΓbaZ,
wherewe have used ΓZ
aZ
= Γa
ZZ
= 0 and cancelled out the products±ΓZ
ZZ
ΓZ
ZZ
. This leads us to (2.24),
as claimed. 
11
Weak version of the momentum constraints
Next, we introduce the following definition.
Definition 2.15. A weakly regular T2–symmetric triple (Σ, h,K) is said to satisfy the weak version of
the momentum constraints if the equations
Z(Tr(2)K) − h(Z,Z)1/2 Tr(2)(χ)KZZ − ΓaZbKba = 0,
Z
(
h(Z,Z)1/2KZa
)
− ΓbbZKZa = 0, a = X,Y,
(2.27)
hold in the weak sense, with Tr(2)(K) = Tr(K) − KZ
Z
.
Observe that the second set of equations in (2.27) has beenweighted by the scalar h(Z,Z)−1 —in
order for it to bewell-defined in a weak sense, while the first equation has a different homogeneity
in Z.
Proposition 2.16 (Equivalence with the classical definition). Let (Σ, h,K) be a weakly regular T2-
symmetric triple. If h,K are sufficiently regular, then (Σ, h,K) satisfies the weak version of the momentum
constraint equations (in the sense of Definition 2.15) if and only if it satisfies the constraint equations (1.2)
in the classical sense.
Proof. Assuming sufficient regularity and that the momentum constraint equations hold in the
classical sense, i.e.
∇(3) jKi j − ∇(3)i trK = 0,
we begin by computing ∇(3) jKZj in an adapted frame:
∇(3) jKZj =KZZ,Z + KaZ,a − ΓijZK ji + Γ
j
ji
KiZ
=KZZ,Z − ΓZZZKZZ − ΓaZZKZa − ΓZaZKaZ − ΓabZKba
+ Γ
Z
ZZK
Z
Z + Γ
Z
ZaK
a
Z + Γ
b
bZK
Z
Z + Γ
b
baK
a
Z
=KZZ,Z − ΓabZKba + ΓbbZKZZ ,
where we used ΓZ
aZ
= Γa
ZZ
= 0 and cancelled (potentially problematic) terms ±ΓZ
ZZ
. Since
h(Z,Z)1/2trχ = −Γb
bZ
, the momentum constraint equation in the Z-direction is equivalent to the
first equation in (2.27). For the remaining two momentum constraint equations, we write
∇(3)
j
K
j
a = K
j
a, j − Γia jK
j
i
+ Γ
j
ji
Kia
= Z(KZa ) − ΓZaZKZZ −
∑
(i, j),(Z,Z)
Γ
i
a jK
j
i
+ Γ
Z
ZZK
Z
a +
∑
(i, j),(Z,Z)
Γ
j
ji
Kia
= Z(KZa ) + Γ
Z
ZZK
Z
a +
∑
(i, j),(Z,Z)
(
Γ
j
ji
Kia − Γia jK ji
)
.
Recalling that the term involving ΓZ
ZZ
is not well-defined for weakly regular spacetimes, we
multiply the above equations by h(Z,Z)1/2 and expand the Christoffel symbol of the second term,
in order to get
h(Z,Z)1/2∇(3)
j
K
j
a
= h(Z,Z)1/2
(
Z(KZa ) +
1
2
h(Z,Z)−1Z(h(Z,Z))KZa + h(Z,Z)
1/2
∑
(i, j),(Z,Z)
(
Γ
j
ji
Kia − Γia jK ji
)
.
Combining the first two terms on the right-hand side yields the second set of equations in (2.27),
as expected. We conclude that (1.2) and (2.27) are equivalent for sufficiently regular data. 
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2.4 Weak version of Einstein’s evolution equations
We are now in a position to discuss the Einstein equations. As before, we need first to examine
the regularity of the Christoffel symbols, now associated with a spacetime metric.
Proposition 2.17 (Regularity of the Christoffel symbols in an adapted frame). Let (M, g) be a weakly
regular T2-symmetric Lorentzian manifold with adapted frame (T,X,Y,Z), time-function t, spacelike slices
Σt, and second fundamental form K, as introduced in Definition 2.6, and for all a, b = X,Y define
Γ
T
ab := −
1
n
Kab, Γ
T
ZZ := −
1
n
K(Z,Z), ΓTTZ = Γ
T
ZT :=
1
n
Z(n),
Γ
T
Za = Γ
T
aZ := −
1
n
K(·,Z)a, ΓTTa = ΓTaT := 0, ΓZTZ = ΓZZT := −gZZ nK(Z,Z),
Γ
Z
aT = Γ
Z
Ta := −ngZZ K(·,Z)a, ΓaTb = ΓabT := −gac nKbc, ΓaTZ = ΓaZT := nK(·,Z)a,
Γ
a
TT := 0, Γ
T
TT := T(n)n
−1, ΓZTT := ng
ZZ Z(n).
In addition, define Γi
k j
for i, j, k = X,Y,Z as in Proposition 2.10, but with h replaced by h(t). Then, these
functions are well-defined, have the regularity
Γ
T
ZZ, Γ
Z
TT, Γ
T
TT ∈ L1(Σt), ΓTab ∈ L2(Σt), ΓTZi, ΓZiT , ΓiZT ∈ L∞(Σt), (2.28)
uniformly in the time variable. Furthermore, the following linear combinations of Christoffel symbols are
better behaved:
Γ
a
Ta = Γ
a
aT ∈ L∞(Σt), (2.29)
Γ
T
TT − ΓZZT ∈ L∞(Σt), ΓZZZ − ΓTZT ∈ L∞(Σt). (2.30)
Finally, if (M, g) is sufficiently regular, then the above definition coincides with the standard definition of
the Christoffel symbols.
Proof. In the frame (T,X,Y,Z) = (e0, e1, e2, e3) (which is not induced by coordinates) and provided
the data are sufficiently regular, we have the classical definition:
Γ
α
βγ =
1
2
gαδ
(
gβδ,γ + gγδ,β − gβγ,δ + cδβγ + cδγβ + cβγδ
)
,
cβγδ := [eβ, eγ]δ = gδρ [eβ, eγ]
ρ.
Except for (2.29) and (2.30), the regularity properties stated in the proposition follow immedi-
ately from our definitions. Then, (2.29) is an immediate consequence of Lemma 2.7 and of the
assumptions on tr(2)K. To derive (2.30), we use the regularity assumption made on ρ = n−2 gZZ
and obtain
Γ
T
TT − ΓZZT =
1
2n2
(
T(n2) − T(gZZ)n2gZZ
)
=
1
2n2
gZZT(ρ
−2)
and
Γ
Z
ZZ − ΓTZT =
1
2
gZZZ(gZZ) − 1
n
Z(n2)
=
n2
2
gZZZ
( gZZ
n2
)
=
n2
2
gZZZ(ρ2).
It remain to check that the above definition agrees with the standard one when the spacetime
is sufficiently regular, which we now assume. We recall that [e1, e2] = [e2, e3] = 0 and from the
definition of T2-symmetric spacetime, we also have [e0, e2] = [e0, e3] = 0. Indeed, we have
g([e0, ea], e0) = 2ea
(
g(e0, e0)
)
= 0
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by using the symmetry assumptions, and
g([e0, ea], ei) = −g(e0, [ea, ei]) = 0
by using the orthogonality of e0, e1, and the commutation property of ea, ei.
Moreover, it follows from the definition of Z that [Z,T] = fX + gY for some functions f and g
and in particular, [Z,T] is orthogonal to both Z and T. We now compute the Christoffel symbols
as follows. For i, j = 1, 2, 3, we obtain
g(T,∇ie j) = gTTΓTij = g(nN,∇ie j) = nKi j,
where N is the timelike unit normal to Σt, thus Γ
T
ij
= − 1nKi j.
For ΓT
TZ
, ΓTTT, ΓTta and Γ
Z
TT
, one derives the desired formulas directly from (2.4), for instance
Γ
T
TZ =
1
2
gTT
(
gTZ,T + gTT,Z − gTZ,T + cTTZ + cTZT + cZTT) = Z(n)
n
.
On the other hand, for i = 1, 2, 3 we find
g(e1,∇Tei) = gZZΓZTi
= g(e1,∇iT) = −g(∇ie1,T) = −ng(∇ie1,N) = −nKiZ.
For Γa
Tb
, we get
g(ec,∇Teb) = gcaΓaTb
= g(ec,∇bT) = −g(∇bec,T) = −nKbc,
while, for Γa
TZ
,
g(ec,∇tZ) = gcaΓaTZ = −g(∇Tec,Z)
= − g(∇cT,Z) = g(T,∇cZ) = nKcZ
and finally, for Γa
ZT
,
g(ec,∇ZT) = gcaΓaZT
= − g(∇Zec,T) = −nKZc.

Finally, we introduce aweak version of Einstein’s evolution equations. Given a (3+1)-splitting
of the Einstein equations and provided the constraint equations are satisfied on each slice, the
evolution equations are equivalent to Ri j = 0 (cf. [4, Sec. VI-3.1].) Hence, since we have already
derived the constraint equations in a weak form in the previous section, we can restrict attention
now to the components Ri j of the Ricci curvature and recover all the remaining components from
the (tensorial) Gauss equations.
Definition 2.18. When (M, g) is a weakly regular T2–symmetric Lorentzian manifold, theweak version
of the component RZZ of the Ricci tensor is defined as
RZZ :=T(Γ
T
ZZ) − Z(ΓTTZ) − Z(ΓaaZ)
− ΓaZb ΓbaZ + ΓaaT ΓTZZ + ΓaaZ ΓZZZ
+ 2ΓTZaΓ
a
ZT + Γ
T
ZZ
(
Γ
T
TT − ΓZZT
)
+ Γ
T
tZ
(
Γ
Z
ZZ − ΓTZT
)
,
(2.31)
in which the first three terms are derivatives of Lp functions on each slice, while the remaining terms belong
to L1 on each slice. (Observe that the last two terms make sense, thanks to (2.29).)
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Definition 2.19. When (M, g) is a weakly regular T2–symmetric Lorentzian manifold, theweak version
of the components RZd of the Ricci tensor is defined as
RZd := T(Γ
T
dZ) + Γ
T
dZ
(
Γ
T
TT − ΓZZT
)
+ Γ
a
aTΓ
T
dZ.
Finally, the components Rcd, c, d = X,Y need to be suitably weighted by the norm of the vector
field Z, in order to be well-defined as distributions.
Definition 2.20. When (M, g) is a weakly regular T2–symmetric Lorentzian manifold, theweak version
of the normalized components Rnorm
cd
of the Ricci tensor is defined as
Rnormcd :=T
(
ng(Z,Z)1/2ΓTdc
)
+ Z
(
ng(Z,Z)1/2ΓZdc
)
+ ng(Z,Z)1/2
(
Γ
a
aTΓ
T
dc + Γ
a
aZΓ
Z
dc − ΓTdZΓZTc − ΓZdTΓTZc
− ΓTdaΓaTc − ΓadTΓTac − ΓZdaΓaZc − ΓadZΓZac
)
.
Definition 2.21. A weakly regular T2–symmetric Lorentzian manifold (M, g) is said to satisfy theweak
version of Einstein’s evolution equations if
RZZ = 0, RZd = 0, R
norm
cd = 0, c, d = X,Y, (2.32)
in the weak sense introduced in Definitions 2.18 to 2.20.
Again, we have an equivalence result establishing the link with the classical definition.
Proposition 2.22 (Equivalencewith the classical definition). For any sufficiently regular T2-symmetric
spacetime (M, g), the weak version of the Einstein equations (2.32) is satisfied if and only if the Ricci flat
condition
Ric(ei, e j) = 0, ei, e j ∈
{
X,Y,Z
}
holds, where Ric denotes the Ricci tensor of g defined in the classical sense.
Before we provide a proof of this result, we summarize our conclusions in this section, as
follows.
Theorem 2.23 (Weak formulation of the Einstein equations). If (Σ, h,K) is a weakly regular T2–
symmetric triple, then Einstein’s constraint equations (1.1)-(1.2)make sense in the weak form (2.26)-(2.27).
Similarly, if (M, g) is a weakly regular T2–symmetric Lorentzian manifold, Einstein’s evolution equations
(1.3) make sense in the weak form (2.32). Furthermore, these new geometric objects coincide with the
classical ones when sufficient regularity is assumed.
We thus have re-stated and established Theorem 1.1 (stated earlier in the introduction). We
refer to a weakly regular T2–symmetric triple satisfying the weak version of the Hamiltonian and
momentum constraint equations as aweakly regular T2–symmetric initial data set. Analogously,
we refer to a weakly regular T2–symmetric Lorentzian manifold satisfying the weak version
of the Einstein constraint and evolution equations as a weakly regular T2–symmetric vacuum
spacetime.
Proof of Proposition 2.22. Wewill show that the distributions defined byRic(ei, e j), for ei, e j = X,Y,Z,
agree with the ones introduced in (2.18), (2.19), and (2.20) (where an additional weight must be
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introduced for Ric(ec, ed)). Abusing notation, we denote the Christoffel symbols defined in the
classical sense by Γαβδ. With c
f
aZ
= [ec, ed] f , we find
Ric(Z,Z) = RαZαZ = Γ
α
ZZ,α − ΓααZ,Z + ΓααβΓβZZ − ΓαZβΓ
β
YZ
− cβαZΓαZβ, (2.33)
We expand the right-hand side of (2.33) by focusing our attention on the terms which for
T2-symmetric solution having only weak regularity are a priori not well-defined:
Ric(Z,Z) =Z(ΓZZZ) + T(Γ
T
ZZ) −
(
Z(ΓZZZ) + Z(Γ
T
tZ) + Z(Γ
a
aZ)
)
+ Γ
T
TTΓ
T
ZZ + Γ
Z
ZZΓ
Z
ZZ + Γ
T
tZΓ
Z
ZZ + Γ
Z
ZtΓ
T
ZZ
+ Γ
T
taΓ
a
ZZ + Γ
a
atΓ
T
ZZ + Γ
Z
ZaΓ
a
ZZ + Γ
a
aZΓ
Z
ZZ
+ Γ
a
abΓ
b
ZZ −
(
Γ
T
ZtΓ
T
tZ + Γ
Z
ZZΓ
Z
ZZ + Γ
T
ZZΓ
Z
tZ + Γ
Z
ZtΓ
T
ZZ
)
−
(
Γ
T
ZaΓ
a
tZ + Γ
a
ZtΓ
T
aZ + Γ
Z
ZaΓ
a
ZZ + Γ
a
ZZΓ
Z
aZ
)
− ΓaZbΓbaZ − cbtZΓTZb.
To handle the latter term, we observe that the only non-vanishing commutator is [T,Z] and that
this commutator is orthogonal to both Z,T. Note that this last term can be rewritten in term of the
connection coefficients since
[T,Z]b = ΓbtZ − ΓbZt.
Taking into account the cancelations in Z(ΓZZZ), Γ
Z
ZZΓ
Z
ZZ and Γ
Z
ZtΓ
T
ZZ, as well as the antisymmetry of
Γa
Zt
and the fact that ΓTta = Γ
Z
Za
= 0, we obtain
Ric(Z,Z) =T(ΓTZZ) − Z(ΓTtZ) − Z(ΓaaZ) +
(
Γ
T
TTΓ
T
ZZ + Γ
T
tZΓ
Z
ZZ
)
+
(
Γ
a
atΓ
T
ZZ + Γ
a
aZΓ
Z
ZZ
)
+ Γ
a
abΓ
b
ZZ
−
(
Γ
T
ZtΓ
T
tZ + Γ
T
ZZΓ
Z
tZ
)
− ΓaZbΓbaZ + 2ΓTZaΓaZt
and the expression for Ric(T,T) then follows by factorizing out ΓZ
Zt
and ΓZ
TT
.
For Ric(Z, ed), we proceed similarly and obtain
Ric(Z, ed) =Γ
α
dZ,α − ΓααZ,d + ΓααβΓ
β
dZ
− ΓαdβΓ
β
αZ − c
β
αd
Γ
α
Zβ
=T(ΓTdZ) + Z(Γ
Z
Zd) +
(
Γ
T
TTΓ
T
dZ + Γ
Z
ZZΓ
Z
dZ + Γ
t
tZΓ
Z
dZ + Γ
Z
ZtΓ
T
dZ
)
+ Γ
T
taΓ
a
dZ + Γ
a
atΓ
T
dZ + Γ
Z
ZaΓ
a
dZ + Γ
a
aZΓ
Z
dZ
+ Γ
a
abΓ
b
dZ −
(
Γ
T
dtΓ
T
tZ + Γ
Z
dZΓ
Z
ZZ + Γ
T
dZΓ
Z
tZ + Γ
Z
dtΓ
T
ZZ
)
−
(
Γ
T
daΓ
a
tZ + Γ
a
dtΓ
T
aZ + Γ
Z
daΓ
a
ZZ + Γ
a
dZΓ
Z
aZ
)
− ΓadbΓbaZ.
Next, using ΓaZZ = Γ
Z
Za = Γ
T
ta = Γ
a
bc
= 0 and the fact that X,Y commutes with Z,T, we obtain
Ric(Z, ed) =T(Γ
T
dZ) + Γ
T
TTΓ
T
dZ + Γ
Z
ZtΓ
T
dZ + Γ
a
aTΓ
T
dZ
−
(
Γ
T
dZΓ
Z
TZ + Γ
Z
dTΓ
T
ZZ
)
−
(
Γ
T
daΓ
a
TZ + Γ
a
dTΓ
T
aZ
)
.
We also note the cancellation in ΓZ
ZT
ΓT
dZ
as well as the identities
Γ
T
TTΓ
T
dZ − ΓzdTΓTZZ = ΓTZd
(
Γ
T
TT − ΓZZT
)
, −ΓTdaΓaTZ − ΓadTΓTaZ = 0,
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and arrive at the desired formula
Ric(Z, ed) = T(Γ
T
dZ) + Γ
T
Zd
(
Γ
T
TT − ΓZZT
)
+ Γ
a
aTΓ
T
dZ.
Next, for Ric(ec, ed), we have
Ric(ec, ed) =Γ
α
dc,α − Γααc,d + ΓααβΓ
β
dc
− ΓαdβΓ
β
αc − cβαdΓαcβ
=T(ΓTdc) + Z(Γ
z
dc) +
(
Γ
T
TTΓ
T
dc + Γ
Z
ZZΓ
Z
dc
)
+
(
Γ
T
TZΓ
Z
dc + Γ
Z
ZTΓ
T
dc
)
+
(
Γ
T
TaΓ
a
dc + Γ
Z
ZaΓ
a
dc
)
+
(
Γ
a
aTΓ
T
dc + Γ
a
aZΓ
Z
dc
)
+ Γ
a
abΓ
b
dc −
(
Γ
T
dTΓ
T
Tc + Γ
z
dzΓ
Z
Zc
)
−
(
Γ
T
dZΓ
z
Tc + Γ
Z
dTΓ
T
Zc
)
−
(
Γ
T
daΓ
a
Tc + Γ
a
dTΓ
T
ac
)
−
(
Γ
Z
daΓ
a
Zc + Γ
a
dZΓ
Z
ac
)
− ΓbdaΓabc
and, using ΓZ
Za
= ΓT
Ta
= Γa
bc
= 0,
Ric(ec, ed) =T(Γ
T
dc) + Z(Γ
z
dc) +
(
Γ
T
TTΓ
T
dc + Γ
Z
ZZΓ
Z
dc
)
+
(
Γ
T
TZΓ
Z
dc + Γ
Z
ZTΓ
T
dc
)
+
(
Γ
a
atΓ
T
dc + Γ
a
aZΓ
Z
dc
)
−
(
Γ
T
dzΓ
Z
Tc + Γ
z
dTΓ
T
Zc
)
−
(
Γ
T
daΓ
a
Tc + Γ
a
dTΓ
T
ac
)
−
(
Γ
Z
daΓ
a
Zc + Γ
a
dZΓ
Z
ac
)
.
The first six terms of the right-hand side above can be rewritten as
T(ΓTdc) + Γ
T
TTΓ
T
dc + Γ
T
dcΓ
Z
ZT =T(Γ
T
dc) + Γ
T
dc
T(n)
n
+ Γ
T
dc (g(Z,Z))
−1/2 T
(
(g(Z,Z))1/2
)
=n−1(g(Z,Z))−1/2T
(
ng(Z,Z)1/2ΓTdc
)
and, similarly,
Z(ΓZdc) + Γ
Z
ZZΓ
Z
dc + Γ
Z
dcΓ
T
TZ =Z(Γ
z
dc) + Γ
Z
dc
Z(n)
n
+ Γ
Z
dc (g(Z,Z))
−1/2 Z
(
(g(Z,Z))1/2
)
=n−1(g(Z,Z))−1/2Z
(
ng(Z,Z)1/2ΓZdc
)
.
This suggests to introduce a weight in Ric(ec, ed), that is, ng(Z,Z)1/2, which leads us to the desired
expression:
ng(Z,Z)1/2Ric(ec, ed) =T
(
ng(Z,Z)1/2ΓTdc
)
+ Z
(
ng(Z,Z)1/2ΓZdc
)
+ ng(Z,Z)1/2
(
Γ
a
aTΓ
T
dc + Γ
a
aZΓ
Z
dc −
(
Γ
T
dZΓ
Z
Tc + Γ
Z
dTΓ
T
Zc
)
−
(
Γ
T
daΓ
a
Tc + Γ
a
dTΓ
T
ac
)
−
(
Γ
Z
daΓ
a
Zc + Γ
a
dZΓ
Z
ac
))
. 
2.5 Twist coefficients
We end this section with an important property of the twist coefficients associated with two
Killing fields X,Y and defined by
CX := EαβγδX
αYβ∇γXδ, CY := EαβγδYαYβ∇γXδ,
where Eαβγδ is the volume form of (M, g). We recall that the twists vanish if and only if the family
of 2-planes orthogonal to X and Y is integrable. For all sufficiently regular spacetimes, it is also
well-known that the vacuum Einstein equations imply that the twists are constant [7]. We show
now that this latter property is preserved at our level of (weak) regularity.
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Proposition 2.24 (Constant twist property). The twist coefficients of any weakly regular T2–symmetric
spacetime are constants. Furthermore, one can always choose the Killing fields X,Y in such a way that, one
of them vanishes identically.
Proof. It follows from the anti-symmetry of the volume form that
CX = EXYTZg
TT
Γ
Z
TX + EXYZT g
ZZ
Γ
T
ZX,
which contains products of L∞ functions by L2 functions, only, and is therefore well-defined.
Moreover, in view of the relation ΓZ
TX
= n2 gZZΓT
ZX
, we have
CX = 2EXYZTg
ZZ
Γ
T
ZX = −2
R
ρ
Γ
T
ZX.
It follows immediately from one of the Hamiltonian constraint equations and the evolution equa-
tion RZX = 0 that CX is a constant. The same holds for CY and, moreover, one of the twists can be
made to vanish by introducing a suitable linear combination of the Killing vectors, say
X′ = aX + bY, Y′ = c X + dY, ad − bc = 1, (2.34)
where the latter restriction on the coefficients a, b, c, d ensures that the transformation preserves
the periodicity property. Then, the conclusion follows easily from
CX′ = EαβγδX
′αY′β∇γX′δ = (ad − bc)
(
a CX + bCY
)
. 
3 Weakly regular metrics in admissible coordinates
3.1 Weakly regular Riemannian manifolds in admissible coordinates
In this section, we introduce several choices of coordinates —in which we will express later
(cf. Section 4) the weak version of the Einstein equations in a form amenable to techniques of
analysis for nonlinear partial differential equations. We determine here the regularity of the
metric coefficients that is implied by the geometric regularity assumptions made in the previous
section. From now on, functions invariant by the action of the Killing fields are identified with
functions defined on the circle S1 (and, later in this section, also depending on a time variable).
We refer to the expression (3.1) introduced now as the spatial metric in admissible coordinates.
Lemma 3.1 (Weakly regular T2-symmetric metrics in admissible coordinates). Let (Σ, h) be a weakly
regular T2–symmetric Riemannian manifold and (x, y, θ) be coordinates associated with an adapted frame.
Then, the metric h takes the form
h =
e2ν−2P
R
dθ2 + e2PR
(
dx + Ady +
(
G + AH
)
dθ
)2
+ e−2P R
(
dy +H dθ
)2
, (3.1)
in which the coefficients R, P,A, ν,G,H depend on the variable θ ∈ S1, only, and satisfy
P,A ∈ H1(S1), ν ∈W1,1(S1), G,H ∈ L∞(S1),
while the area function R (already defined in (2.3)) satisfies R ∈W1,∞(S1) and is bounded above and below
by positive constants.
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Proof. We rely here on the conditions introduced in Definition 2.1. Clearly, any metric can be
expressed in the form (3.1), provided one defines ν,P,A,G and H by h(X,X) =: e2PR, h(X,Y) =:
Re2PA,. . . Since the metric is T2–symmetric, all coefficients are independent of the variables (x, y).
By our assumption (2.3), we have R ∈ W1,∞(Σ) and, after identifying R with a function on S1,
it follows that R ∈ W1,∞(S1). Since e2PR = h(X,X) ∈ H1(Σ), we obtain e2P ∈ H1(Σ), and after
identifying e2P with a function of θ ∈ S1, it follows that e2P ∈ H1(S1). In particular, P (defined
almost everywhere) admits an Ho¨lder continuous representative. Since e2P ∈ C0(S1) is positive
and defined on the compact set S1, its inverse e−2P also belongs to the space L∞(S1). From this,
it also follows that Pθ = 1/2e−2P
(
e2P
)
θ
belongs to L2(S1), and we conclude that P ∈ H1(S1). A
completely similar argument applies to A and shows that A ∈ H1(S1).
For G andH, we have h(X,Z) = e2PR(G+AH) ∈ L∞(S1) and thus P ∈ C0(S1) and R ∈ C0(S1). So,
we find
(G + AH) ∈ L∞(S1). (3.2)
On the other hand, from the assumptions on h(Y,Z), we also know that
h(Y,Z) = Re2PA(G + AH) + e−2P RH ∈ L∞(S1),
in which the first term is in L∞(S1) by (3.2), and so we have e−2PRH ∈ L∞(S1). Moreover, using the
lower bound on R, the function e2P/R belongs to L∞(S1) and thus H ∈ L∞(S1). From (3.2), it then
follows that G ∈ L∞. Finally, by observing that h(Z,Z) provides a control of e2ν, similar arguments
show that ν belongs toW1,1(S1). 
Relying on Definition 2.2, we now introduce a decomposition of the tensor field K and specify
the regularity of each component. The proof of the following statement is omitted.
Lemma 3.2 (Decomposition of weakly regular tensor fields K). Let (Σ, h,K) be a weakly regular
T2-symmetric triple in admissible coordinates (3.1). Then, there exist functions P
0
, A
0
, G
0
, H
0
, R
0
, ν
0
and a
symmetric 2 tensor hab
0
so that, in an adapted frame (X,Y,Z), the components of K read
Kab =
1
2
(
h(Z,Z)
)−1/2
hab
0
, K(X,Z) =
1
2
e−ν+3P
(
G
0
+ AH
0
)
,
K(Y,Z) =
1
2
e−ν−P R
2
H
0
+ AK(X,Z) =
1
2
e−ν+P
(
R
2
e−2P H
0
+ Ae2P
(
G
0
+ AH
0
))
,
tr(2)K = e−ν+P R
0
(
R
)−1
= e−ν+P
(
R
)−1/2
R
0
, KZZ = e
ν−P (R)−1/2(ν
0
− P
0
− R
0
(2R)−1
)
,
with
hab
0
= (R)−1R
0
hab + R
(
e2P2P
0
(dx + Ady)2 − 2P
0
e−2Pdy2
)
+ Re2P
(
2A
0
dxdy+ 2AA
0
dy2
)
,
and the following regularity properties hold:
P
0
, A
0
, G
0
, H
0
, hab
0
∈ L2(S1), R
0
∈W1,∞(S1), ν
0
∈ L1(S1).
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3.2 Weakly regular Lorentzian manifolds in admissible coordinates
In the context of Definition 2.6, Lemma 3.1 applies to each slice of the foliation and, again, we
refer to the expression (3.3) below as themetric in admissible coordinates.
Lemma 3.3 (Weakly regular (3+1)-metrics in admissible coordinates). Let (M, g) be a weakly regular
T2–symmetric spacetime and (t, x, y, θ) be admissible coordinates adapted to the symmetry and a given
foliation. Then, the spacetime metric g takes the form
g = −n2 dt2 + e
2ν−2P
R
dθ2 + e2PR
(
dx + Ady +
(
G + AH
)
dθ
)2
+ e−2PR
(
dy +Hdθ
)2
(3.3)
with coefficients P,A, ν,G,H depending only on t ∈ I and θ ∈ S1, satisfying
P,A ∈ L∞loc(I,H1(S1)), ν ∈ L∞loc(I,W1,1(S1)), G,H ∈ L∞loc(I, L∞(S1)).
and such that the area function R (defined in (2.3)) satisfies R ∈W1,∞(S1) and is bounded above and below
by positive constants.
From now on, a subscript (like t and θ) denotes a partial derivative, possibly understood in
the weak sense. The regularity assumed on the second fundamental form implies some regularity
on the time-derivative of the metric coefficients.
Lemma 3.4 (Timelike regularity in admissible coordinates). Let (M, g) be a weakly regular T2–
symmetric spacetime and (t, x, y, θ) be admissible coordinates adapted to the symmetry and a given foliation
in the variable t ∈ I. Then, the metric coefficients in (3.3) enjoy the following regularity in time:
Pt,At ∈ L∞loc(I, L2(S1)), Rt ∈ L∞loc(I, L∞(S1)),
νt ∈ L∞loc(I, L1(S1)), Gt,Ht ∈ L∞loc(I, L2(S1)).
Proof. In view of Definition 2.6, the components of K satisfy
L1(S1) ∋ 2nK(Z,Z) =
(
e−2PH2R + Re2P(G + AH)2 + e2ν−2PR−1
)
t
,
while all other components belong to L2(S1)
2nK(Z,X) =
(
e2PR(G + AH)
)
t
, 2nK(Z,Y) =
(
e2PRA(G + AH) + e−2PRH
)
t
,
2nK(X,X) =
(
e2PR
)
t
, 2nK(X,Y) = (e2PRA)t,
2nK(Y,Y) =
(
e2PRA2 + Re−2P
)
t
with, moreover,
L∞(S1) ∋ Tr(2)(K) = e2P R−1K(Y,Y) − 2Ae2P R−1K(X,Y) +
(
e2PA2 R−1 + 1
)
K(X,X).
We first use the conditions
(
e2PR
)
t
∈ L2(S1) and (e2PRA)t ∈ L2(S1) and deduce that Pt,At ∈ L2(S1).
Then, the condition on Tr(2)(K) implies that Rt ∈ L∞(S1). We then deduce a control on the functions
Gt,Ht, and finally the condition 2nK(Z,Z) ∈ L1(S1) yields νt ∈ L1(S1). 
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3.3 Conformal coordinates for weakly regular metrics
A well-known problem in general relativity and, more generally, in geometric analysis is to
exploit the gauge freedom at our disposal to simplify the analysis. This typically means choosing
a coordinate system or a frame well-adapted to the problem. Here, it will turn out that we need
to make two different gauges, specifically the so-called conformal and areal gauges. We begin by
proving the existence of conformal coordinates, as follows.
Lemma 3.5 (Existence of conformal coordinates). Let (M, g) be a weakly regular T2–symmetric space-
time and (t, x, y, θ) be admissible coordinates adapted to the symmetry and a given foliation, with t ∈ I and
x, y, θ ∈ S1. Then, there exist functions τ, ξ : M → R such that:
1. In the coordinates (t, x, y, θ), the functions τ, ξ depend on (t, θ), only, and belong to W1,∞
loc
(I × S1).
2. The functions τ, ξ, x, y determine a global chart on M and, hence, defines a smooth differential
structure (not necessarily C∞ compatiblewith that defined by (t, θ, x, y)) but at leastW1,∞ compatible).
3. In the coordinate system (τ, ξ, x, y), the metric takes the form
g =
e2ν−2P
R
(
− dτ2 + dξ2
)
+ e2PR
(
dx + Ady +
(
G + AH
)
dξ
)2
+ e−2PR
(
dy +Hdξ
)2
, (3.4)
where the coefficients ν,P,A,R,G,H depend on τ ∈ J and ξ ∈ S1, only, where J is an interval.
4. The hypersurface t = t0 coincides with a level set of τ.
In fact, the coefficients of the metric will also enjoy the same regularity properties as those
presented in Lemmas 3.3 and 3.4, provided the weak version of the Einstein equations hold true.
This fact will be checked later in Section 5, below.
Proof. We restrict attention to the two-dimensional quotient metric ĝ = e
2ν−2P
R
(
−ρ2 dt2 + dθ2
)
, and
establish the existence of functions τ, ξ such that
ĝ =
e2νˆ−2P
R
(
− dτ2 + dξ2
)
.
We are going to construct null coordinates u, v : M→ R enjoying the following properties:
1. The functions u, v depend (t, θ), only, and belong toW1,∞(I × S1).
2. The following equations hold:
ut + ρ uθ = 0, vt − ρ vθ = 0. (3.5)
3. The following periodicity conditions hold:
u(t, θ + 2π) = u(t, θ) − 2π, v(t, θ + 2π) = v(t, θ)+ 2π. (3.6)
4. The map (t, θ) ∈ I × S1 7→ (u, v) is aW1,∞ diffeomorphism on its image.
Once this is established, one easily checks that the functions
ξ :=
v − u
2
, τ :=
v + u
2
satisfy the desired requirements.
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The equations (3.5) are linear transport equations, and are easily solved by the method of
characteristics. First of all, setting I = [t1, t2], initial data u1, v1 for the functions u, v are chosen at
the time t1 to be periodic, as stated in (3.6):
u(t1, ·) := u1, v(t1, ·) := v1.
Then, we consider the characteristic equations
dθ
dt
= ±ρ
(
t, θ(t)
)
,
with initial condition θ(t1, θ) = ±θ, and we denote by θ± = θ±(t, θ) the corresponding solutions.
Since ρ ∈ W1,∞(I × S1), from a standard theorem on ordinary differential equations it follows that
θ± ∈W1,∞(I × S1), and
θ±,θ(t, θ) = exp
( ∫ t
t1
ρθ
ρ
(t′, θ±(t′, θ)) dt′
)
∈ L∞loc
never vanishes. Thus, the maps (t, θ) ∈ I × R 7→ (t, θ±) ∈ I × R are W1,∞-diffeomorphism. Since
solutions are uniqueness and the data are periodic, we obtain θ±(t, θ+ 2π) = θ±(t, θ)± 2π. Finally,
we arrive at the desired conclusion by defining the functions u, v by
u(t, θ) := u1(t, θ+(t, θ)), v(t, θ) := v1(t, θ−(t, θ)). 
3.4 Areal coordinates for weakly regular metrics
We will also use a time function coinciding with the area of the orbits of symmetry. In such
coordinates, the area function is obviously of class C∞ and, instead, the metric coefficient a
introduced below in (3.7) has weak regularity.
Later we will justify this choice and show (cf. Proposition 5.1, below) that the gradient of the
area function R is timelike so that the area can be used as a time coordinate. In the so-called areal
coordinates, the metric takes the form
g = e2(η−U)
(
− dR2 + a−2 dθ2
)
+ e2U
(
dx + Ady +
(
G + AH
)
dθ
)2
+ e−2UR2
(
dy +Hdθ
)2
, (3.7)
where U,A, η, a,G,H are functions of t and θ ∈ S1. The variable R describes some interval [R0,R1)
and the variables x, y, θ describe S1. As in the conformal case, we will prove later in Section 5, that
areal coordinates are admissible if the weak version of the Einstein equations holds and that, in
particular, the regularity in Lemmas 3.3 and 3.4 holds in areal coordinates, as now stated.
Lemma 3.6 (Weak regularity in areal coordinates). Let (M, g) be a weakly regular T2–symmetric
spacetime and suppose that the area function has a timelike gradient ∇R. Consider areal admissible
coordinates (R, x, y, θ), in which the metric takes the form (3.7) where all functions depend only on R, θ
with R ∈ I ⊂ (0,+∞) (an interval) Then, the following regularity properties hold:
UR,AR,Uθ,Aθ ∈ L∞loc(I, L2(S1)), ηR, ηθ,G,H ∈ L∞loc(I, L1(S1)),
a ∈ L∞loc(I,W1,∞(S1)).
(3.8)
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4 Field equations in admissible coordinates
4.1 Constraint equations in admissible coordinates
In this section, we derive the Einstein equations in admissible coordinates from the geometric
formulation of the equations presented in the previous sections. We then deduce that areal
coordinates exists and twists are constant. To begin with, we consider the constraint equations.
Lemma 4.1 (Weak version of the constraint equations in admissible coordinates). Let (Σ, h,K)
be a weakly regular T2–symmetric triple and consider the metric in admissible coordinates as described
in Lemmas 3.1 and 3.2. Then, the weak version of the constraint equations defined in (2.26)-(2.27) is
equivalent to the following five equations:
Rθθ +
1
4R
(
R
2
θ + R
0
2
)
− Rθ
(
νθ − Pθ
)
− R
0
(
ν
0
− P
0
)
+ R
(
P
2
θ + P
0
2
)
+
1
4
R
(
A
2
θ + A
0
2
)
e4P +
1
4
e−2ν+4PR
2
(
G
0
+ AH
0
)2
+
1
4
e−2ν R
3
H
0
2
= 0, (4.1)
(R
0
)θ − (νθ − Pθ)R
0
− (ν
0
− P
0
)Rθ +
1
2R
RθR
0
+ R
(
2P
0
Pθ + (1/2)A
0
Aθe
4P
)
= 0, (4.2)(
Re4U−2ν
(
G
0
+ AH
0
))
θ
= 0,
(
R
3
e−2νH
0
+ ARe4U−2ν
(
G
0
+ AH
0
))
θ
= 0, (4.3)
in which G
0
, H
0
, A
0
, U
0
, ν
0
, and R
0
were introduced in Lemma 3.2, and the equations above hold in the weak
sense.
Since the term Rθθ is the only one containing second-order derivatives, if one evaluates the
constraint equations above on a hypersurface of constant area R, then no second-order derivative
of the metric arises in the constraints; doing so suppresses the elliptic nature of these equations
and is the key reasonwhy the analysis of T2–symmetric spacetimes is natural in areal coordinates.
Proof. We consider first the Hamiltonian equation (2.26) and compute the normalized scalar cur-
vature R
(3)
norm in terms of the metric coefficients (introduced in Lemmas 3.1 and 3.2):
R
(3)
norm = 2R
(3)
ZZ
+ h(Z,Z)
(
|χ|2 − tr(χ)2
)
= −2Z(ΓaaZ) + 2ΓaaZΓZZZ − 2ΓabZΓbaZ + h(Z,Z)
(
|χ|2 − tr(χ)2
)
.
Observe then that
χab = g
(
h(Z,Z)−1/2Z,∇eaeb
)
= h(Z,Z)1/2ΓZab = −
1
2
(
hZZ
)1/2
Z(hab),
thus
R
(3)
norm = − 2Z(ΓaaZ) + 2ΓaaZΓZZZ − 2
1
2
hacZ(hcb)
1
2
hbdZ(hda)
+ h(Z,Z)
(
1
2
(
hZZ
)1/2
Z(hab)
1
2
(
hZZ
)1/2
Z(hcd)h
achbd −
(
1
2
(
hZZ
)1/2
Z(hab)h
ab
)2 )
.
Hence, we obtain
R
(3)
norm = −2Z(ΓaaZ) + 2ΓaaZΓZZZ −
1
4
Z(hcb)Z(hda)h
achbd − 1
4
(
Z(hab)h
ab
)2
.
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Using the identity
1
2
habZ(hab) = Z(lnR) = Γ
a
aZ = −h(Z,Z)1/2trχ,
where R2 = det(hab), we find
R
(3)
norm = − 2Z (Z(lnR)) + 2Z(lnR)(−
Rθ
2R
+ νθ − Pθ) − (Z(lnR))2
− 1
4
Z(hcb)Z(had)h
achbd
= − 2Z
(
Rθ
R
)
+ 2
Rθ
R
(νθ − Pθ) − 2
(
Rθ
R
)2
− 1
4
Z(hcb)Z(hda)h
achbd.
(4.4)
Thus, we need to evaluate 14Z(hcb)Z(hda)h
achbd.
To this end, by decomposing hab in the form hab = Rℵab with det(ℵab) = 1, we obtain
−1
4
Z(hcb)Z(hda)h
achbd = −1
4
Z(Rℵ)(Rℵ)−1Z(Rℵ)(Rℵ)−1
= −1
4
Z(ℵ)ℵ−1Z(ℵ)ℵ−1 − 1
2
Z(ℵ)Rθ
R
ℵ−1 − 1
4
2
(
Rθ
R
)2
= −1
4
Z(ℵ)ℵ−1Z(ℵ)ℵ−1 − 1
2
(
Rθ
R
)2
,
where we used trZ(ℵ)ℵ−1 = 0 (since ℵ has constant determinant). Therefore, we have
ℵ =
(
e2P Ae2P
Ae2P A2e2P + e−2P
)
,
and a straightforward computation gives
−1
4
Z(ℵ)ℵ−1Z(ℵ)ℵ−1 = −2P2θ −
1
2
A2θe
4P,
from which it follows that
R
(3)
norm = −2Z
(
Rθ
R
)
+ 2
Rθ
R
(νθ − Pθ) − 5
2
(
Rθ
R
)2
− 2P2θ −
1
2
A2θe
4P. (4.5)
To complete the derivation of the Hamiltonian constraint equations in admissible coordinates, it
remains to determine the contribution of the tensor K.
Note that
h(Z,Z)
(
(trK)2 − |K|2
)
=
R2
0
R2
+ (KZZ)
2 hZZ + 2KZZ(h
ZZ)1/2
1
R
R
0
− (KZZ)2 hZZ − 2h(Z,Z)KZaKZa − h(Z,Z)KabKab
=
R2
0
R2
+ 2KZZ(h
ZZ)1/2
1
R
R
0
− 2h(Z,Z)KZaKZa − h(Z,Z)KabKab,
(4.6)
and, as before, we define ℵab
0
by
hab
0
=
1
R
R
0
hab + Rℵab
0
,
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so that the trace of ℵab
0
vanishes: ℵab
0
hab = 0, which follows from the definition of R
0
. One then has
−h(Z,Z)KabKab = −1
2
(
1
R
R
0
)2
− R
2
4
ℵab
0
ℵcd
0
hadhbd = −1
2
(
1
R
R
0
2
)2
− 2P
0
2 − 1
2
A
0
2
e4P
and, moreover,
2KZZ(h
ZZ)1/2
1
R
R
0
= 2
1
R
R
0
(
ν
0
− P
0
− 1
2R
R
0
)
.
We now consider the last term on the right-hand side of (4.6). From the definition of G
0
and H
0
,
it follows that
KZaK
Za
= KZaKZbh
ab
= K2ZXh
XX
+ KZYh
YY
+ 2KZXKZYh
XY
=
1
4
e−2ν+4PR
(
G
0
+ AH
0
)2
+
1
4
e−2νR
2
H
0
2
.
Collecting all the terms computed above, we have established that the Hamiltonian constraint
equation reads
− 2
(
Rθ
R
)
θ
+ 2
Rθ
R
(
νθ − Pθ
)
− (5/2)
(
Rθ
R
)2
− 1
2R
2
(
R
0
)2
+
2
R
R
0
(
ν
0
− P
0
)
− 2
(
P
2
θ + P
0
2
)
− 1
2
(
A
2
θ + A
0
2
)
e4P − 1
2
e−2ν+4PR
(
G
0
+ AH
0
)2
− 1
2
e−2νR
2
H
0
2
= 0,
From a straightforward density argument it then follows that this equation is equivalent to (4.1).
On the other hand, the twist equations (4.3) are obtained easily by observing that the geometric
formulation is equivalent to Z
(
h(Z,Z)1/2
(
R
)−1
KZa
)
= 0 and, then, using the decomposition of K.
We now consider the last momentum constraint equation (4.2). For this, we compute all the
terms appearing in the first equation of (2.27) one by one. For the first term we have
−Z(tr2K) = −Z
(
e−ν+UR
0
(
R
)−1)
= −Z(e−νR
0
)eU
(
R
)−1
+ R
0
R
−2
Rθe
−ν+U − R
0
(
R
)−1
(−νθ −Uθ)e−ν+U
= −Z
(
e−νR
0
R
−1/2)
eP − Z(P)e−ν+PR
0
R
−1/2
.
For the second term we find
−h(Z,Z)1/2trχKZZ = −Rθ
(
R
)−1
KZZ
= RθR
−1/2e−ν+P
(
ν
0
− P
0
− 2R
0
(2R)−1
)
and, for the last term,
−ΓaZbKba = −
1
2
hacZ(hbc)h
bdKad = −1
4
e−ν+UhachbdZ(hbc)hbd
0
.
Using the fact that the traces of ℵab
0
and Z(ℵ) vanish, we obtain
−ΓaZbKba = −
1
2
e−ν+P
(
R
)−3/2
R
0
Rθ − 1
4
e−ν+P R
1/2
hbdhacZ(ℵbc)ℵad
0
,
Finally, in view of
−1
4
e−ν+PR
1/2
hbdhacZ(ℵbc)ℵad
0
= −R1/2e−ν+P
(
2P
0
Pθ +
1
2
A
0
Aθe
4P
)
,
the last momentum constraint equation follows by collecting all the terms. 
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4.2 Evolution equations in admissible coordinates
In this section, we rely on the geometric formulation introduced earlier and derive the Einstein
equations in admissible coordinates.
Proposition 4.2 (Weak version of the evolution equations in admissible coordinates). Let (M, g) be
a weakly regular T2-symmetric spacetime with admissible coordinates (t, x, y, θ). Then, (M, g) satisfies the
weak formulation of the Einstein equations (2.32) if and only if (Σt, h(t)) satisfies the constraint equations
on each slice and the following equations are satisfied:
0 = T(ρνt) − Z(ρ−1νθ) − ρ(Pt − Rt
2R
)2 + ρ−1(Pθ − Rθ
2R
)2 − e
4P
4
(
ρA2t − ρ−1A2θ
)
+
3
4R4
ρ−1e2νK2, (4.7)
0 =
(
ρ
(
Pt +
Rt
2R
))
t
−
(
ρ−1
(
Pθ +
Rθ
2R
))
θ
− ρRtUt
R
+ ρ−1
RθUθ
R
− ρ
2
e4PA2t −
ρ−1
2
e4PA2θ, (4.8)
0 =
(
ρAt
)
t −
(
ρ−1At
)
t
− ρRtAt
R
− ρ−1RθAθ
R
− 4
(
ρ−1Aθ
(
Pθ +
Rθ
2R
)
− ρAt
(
Pt +
Rt
2R
))
, (4.9)
0 =
(
ρRt
)
t −
(
ρ−1Rθ
)
θ
− 1
2R3
ρ−1e2νK2, (4.10)
0 =
(
ρR2e−2νHt
)
t
, 0 =
(
ρR2e−2ν+4P(Gt + AHt)
)
t
. (4.11)
Proof. The equations (4.11) are easily obtained from RZa = 0, as in Proposition 2.24. We consider
now the equations Rcd = 0 which read
0 =T
(
ng(Z,Z)1/2ΓTdc
)
+ Z
(
ng(Z,Z)1/2ΓZdc
)
+ ng(Z,Z)1/2
(
Γ
a
atΓ
T
dc + Γ
a
aZΓ
Z
dc − ΓTdZΓZtc
)
+ ng(Z,Z)1/2
(
− ΓZdtΓTZc − ΓTdaΓatc − ΓadtΓTac − ΓZdaΓaZc − ΓadZΓZac
)
.
First, we note the following identities:
ng(Z,Z)1/2 = ρn2, ΓTdc =
1
2n2
gdc,t, T
(
ng(Z,Z)1/2ΓTdc
)
= 1/2T(ρgdc,t),
Z
(
ng(Z,Z)1/2ΓZdc
)
= −1/2Z(ρ−1gdc,θ), ΓaatΓTdc =
Rt
R
1
2n2
gdc,t,
Γ
a
aZΓ
Z
dc = −
Rθ
R
1
2
gZ,Zgdc,θ, −2ΓTdZΓZtc = −1/2
KdKc
R2
,
Γ
T
daΓ
a
tc =
1
4n2
gda,tgbc,tg
ab, ΓZdaΓ
a
Zc = −
1
4ρ2n2
gda,θgbc,θg
ab,
where Kd = K if d = y and 0 otherwise. To investigate the last two expressions in more details, we
set gab =: Rℵab. Then, we have
gda,tgbc,tg
ab
= 2Rtℵdc,t +
R2t
R
ℵdc + Rℵda,tℵbc,tℵab = 2Rt
R
gdc,t −
R2t
R2
gdc + Rℵda,tℵbc,tℵab =
Now we compute, for d = c = x,
ℵax,tℵbx,tℵab =
(
2Pte
2P
)2 (
e−2P + A2e2P
)
+ 2(−Ae2P)
(
2Pte
2P
) (
2PtAe
2P
+ Ate
2P
)
+
(
2PtAe
2P
+ Ate
2P
)2
e2P
=e2P
(
4P2t + A
2
t e
4P
)
,
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for d = c = y,
ℵay,tℵby,tℵab =
(
Ate
2P
+ 2PtAe
2P
)2 (
e−2P + A2e2P
)
+ 2(−Ae2P)
(
−2Pte−2P + 2AAte2P + A22Pte2P
) (
Ate
2P
+ 2PtAe
2P
)
+
(
−2Pte−2P + 2AAte2P + A22Pte2P
)2
e2P
=
(
4P2t + A
2
t e
4P
) (
e−2P + A2e2P
)
,
and for d = x and c = y
ℵax,tℵby,tℵab =
(
2Pte
2P
) (
Ate
2P
+ 2PtAe
2P
) (
e−2P + A2e2P
)
+ (−Ae2P)
(
2P − te2P
) (
−2Pte−2P + 2AAte2P + 2PtA2e2P
)
+ (−Ae2P
(
Ate
2P
+ 2PtA
2e2P
)2
+ e2P
(
Ate
2P
+ 2PtAe
2P
) (
−2Pte−2P + 2AAte2P + 2PtA2e2P
)
=4P2tAe
2P
+ AA2t e
6P
= Ae2P
(
4P2t + A
2
t e
4P
)
.
Similar expressions are valid for ℵac,θℵbd,θℵab by replacing the t-derivatives by θ-derivatives.
Putting everything together, we obtain for d = c = x
0 =(1/2)T(ρgxx,t) − (1/2)Z(ρ−1gxx,θ) −
ρ
2
Rt
R
gxx,t +
ρ−1
2
Rθ
R
gxx,θ
− ρ
2
(
2
Rt
R
gxx,t −
R2t
R2
gxx +
(
4P2t + A
2
t e
4P
)
gxx
)
+
ρ−1
2
2RθR gxx,θ − R
2
θ
R2
gxx +
(
4P2θ + A
2
θe
4P
)
gxx
 .
Finally, substituting gxx =
(
Pt +
Rt
2R
)
, one obtains easily the equation (4.8). The wave equation for
A, (4.9) is derived similarly.
To derive equation (4.10), we note that, for sufficiently regular solutions,
gcd
(
1
2
T
(
ρgcd,t
) − 1
2
Z
(
ρ−1gcd,θ
))
= T
(
ρ
Rt
R
)
− Z
(
ρ−1
Rθ
R
)
− 1
2
ρgadgcdgab,tgcd,t +
1
2
ρ−1gadgcdgab,θgcd,θ,
from which (4.10) follows. Finally, a straightforward density argument then shows that (4.10)
remains true under our regularity assumptions. We now consider the equation RZZ = 0 and, in
view of the definition, we have
RZZ =T(Γ
T
ZZ) − Z(ΓTtZ) − Z(ΓaaZ) − ΓaZbΓbaz + ΓaaZΓZZZ + ΓaatΓTZZ + 2ΓTZaΓaZt
+ Γ
T
ZZ
(
Γ
T
TT − ΓZZt
)
+ Γ
T
tZ
(
Γ
Z
ZZ − ΓTZt
)
.
We evaluate sucessively each of the terms above and obtain
T(ΓTZZ) = T
(
− 1
n
K(Z,Z)
)
= T
( 1
2n2
gZZ,t
)
, −Z(ΓTtZ) = −Z (1/nZ(n)) ,
−Z(ΓaaZ) = −Z (Z(lnR)) , ΓaatΓTZZ = T(lnR)
1
2n2
gZZ,t.
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The algebraic expressions of the products
Γ
a
Zb Γ
b
aZ, Γ
a
aZ Γ
Z
ZZ, Γ
T
Za Γ
a
Zt
have already been computed in terms of the metric functions (for the derivation of the constraint
equations), i.e.
−ΓaZbΓbaZ = −
1
4
Z(hcb)Z(had)h
achbd = −2P2θ −
1
2
A2θe
4P,
Γ
a
aZΓ
Z
ZZ = Z(lnR)
(
−Rθ
2R
+ νθ − Pθ
)
,
Γ
T
ZaΓ
a
ZT = K
a
ZKaZ = ρ
2
(
1/4e−2ν+4PR(Gt + AHt)2 +
1
4
e−2νR2H2t
)
=
1
4
R2e−2νK2,
where K denotes the only non-vanishing twist constant. The last two terms in the definition of
RZZ give
Γ
T
ZZ
(
Γ
T
TT − ΓZZt
)
=
1
4n4
gZZ,tg
ZZT(ρ−2),
Γ
T
tZ
(
Γ
Z
ZZ − ΓTZt
)
=
n
2
gZZZ(n)Z(ρ2).
Adding all the terms together, we obtain the equation
0 =T
(
ρ2
(
νt − Pt − Rt
2R
))
− ρρt
(
νt − Pt − Rt
2R
)
− Z
(
νθ − Pθ − Rθ
2R
)
+
ρθ
ρ
(
νθ − Pθ − Rθ
2R
)
− Z
(
Rθ
R
)
+
Rt
R
ρ2
(
νt − Pt − Rt
2R
)
+
Rθ
R
(
νθ − Pθ − Rθ
2R
)
− 2P2θ −
1
2
A2θe
4P
+
1
4
R2e−2νK2.
Equation (4.7) then follows by using equation (4.8) as well as (4.1) to eliminate all second-order
derivatives of P,R. 
4.3 Field equations in conformal coordinates
Applying Proposition 4.2 to the special case of conformal coordinates, we obtain the following
result.
Proposition 4.3 (Weak version of the field equations in conformal coordinates). Let (M, g) be a
weakly-regular T2-symmetric spacetimes and let (τ, ξ, x, y) be a system of conformal admissible coordinates
for (M, g) in which the metric4 takes the following form:
g =e2(ν−U)
(
− dτ2 + dξ2
)
+ e2U
(
dx + Ady +
(
G + AH
)
dξ
)2
+ e−2UR2
(
dy +Hdξ
)2
. (4.12)
Then, the weak version of the Einstein equations (2.32) is equivalent to the following system of evolution
and constraint equations:
1. Four constraint equations:
0 = U2τ +U
2
ξ +
e4U
4R2
(A2τ + A
2
ξ) +
Rξξ
R
− ντ Rτ
R
− νξRξ
R
+
e2ν
4R4
K2, (4.13)
0 = 2UτUξ +
e4U
2R2
AτAξ +
Rξτ
R
− νξRτ
R
− ντRξ
R
, (4.14)
Kξ = 0, Kτ = 0. (4.15)
4The variable P is now replaced by U := P − 1/2 lnR, as this leads to certain some computational simplifications later
on.
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2. Four evolution equations:
Uττ −Uξξ =
RξUξ
R
− RτUτ
R
+
e4U
2R2
(A2τ − A2ξ), (4.16)
Aττ − Aξξ = RτAτ
R
− RξAξ
R
+ 4(AξUξ − AτUτ), (4.17)
Rττ − Rξξ = e
2ν
2R3
K2, (4.18)
νττ − νξξ = U2ξ −U2τ +
e4U
4R2
(A2τ − A2ξ) −
3e2ν
4R4
K2. (4.19)
3. Two auxiliary equations:
Gτ + AHτ = 0, Gτ =
e2ν
R3
K. (4.20)
4.4 Field equations in areal coordinates
Similarly, in the case of areal coordinates, we obtain the following equations.
Proposition 4.4 (Weak version of the field equations in areal coordinates). Let (M, g) be a weakly
regular T2-symmetric spacetime and let (t, x, y, θ) be areal admissible coordinates. Then, the weak version
of the Einstein equations (2.32) is equivalent to the following evolution and constraint equations:
1. Four evolution equations for the metric coefficients U,A, η, a:
(Ra−1UR)R − (RaUθ)θ = 2RΩU, (4.21)
(R−1 a−1AR)R − (R−1 aAθ)θ = e−2UΩA, (4.22)
(a−1ηR)R − (a ηθ)θ = Ωη − R−3/2
(
R3/2
(
a−1
)
R
)
R
, (4.23)
(2 ln a)R = −R−3K2 e2η, (4.24)
where the right-hand sides are defined by
Ω
U := (2R)−2e4U
(
a−1A2R − aA2θ
)
, ΩA := 4R−1e2U
(
− a−1URAR + aUθAθ
)
,
Ω
η := (−a−1U2R + aU2θ) + (2R)−2e4U(a−1A2R − aA2θ).
2. Two constraint equations for the metric coefficient η:
ηR +
1
4
R−3 e2ηK2 = a RE, ηθ = RF, (4.25)
where
E :=
(
a−1U2R + aU
2
θ
)
+ (2R)−2e4U
(
a−1A2R + aA
2
θ
)
,
F := 2URUθ + 2R
−2e2UARAθ.
3. Four auxiliary equations for the twists:(
R e4U−2ηa (GR + AHR)
)
θ
= 0,
(
R3 e−2ηaHR
)
θ
= 0,(
R e4U−2η a (GR + AHR)
)
R
= 0,
(
R3 e−2η aHR
)
R
= 0.
(4.26)
4. Two equations for the metric coefficients G,H:
GR = −AKe2η a−1R−3, HR = Ke2η a−1R−3. (4.27)
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5 First properties of weakly regular T2-symmetric manifolds
5.1 Properties of the area function
In this section, we collect some properties of weakly regular T2-symmetric manifolds which will
be useful for the analysis of the initial value problem of Sections 6 and 7. First of all, we derive
some properties of the area function which are immediate consequences of the field equations.
The first one is an additional L1 regularity for the second derivatives of R.
From the constraint equations (4.1)-(4.2) and the assumed regularity, we see that the second-
order derivatives Rθθ and Rtθ may be written as a sum of functions that have L
1 regularity,
at least. Moreover, in view of the evolution equation (4.10), Rtt also has L
1 regularity. The
additional regularity (5.1) will be crucial to prove local well-posedness of the system in Section 6.
Furthermore, for sufficiently regular T2-symmetric spacetimes, it is known that ∇R is timelike
unless the spacetime is flat [7, 25]. That this is still true at our level regularity is the subject of the
second statement below.
Proposition 5.1 (Properties of the area function). Let (M, g) be a vacuum T2-symmetric Lorentzian
manifold and let (t, θ, x, y) be admisssible coordinates.
1. The area function R = R(t, θ) has the following additional regularity properties:
R ∈ L∞loc(W2,1(S1)), Rt ∈ L∞loc(W1,1(S1)), Rtt ∈ L∞loc(L1(S1)). (5.1)
2. Provided this manifold is non-flat, that is, g does not coincide with a smooth metric on M whose
curvature tensor vanishes, then the gradient ∇R is timelike, i.e.
g(∇R,∇R) < 0 inM. (5.2)
This, in particular, establishes the existence of an areal coordinate system of class C1 for any
weakly regular T2-symmetric spacetime. Note also that an alternative statement of the second
item of Proposition 5.1 is as follows: for any weakly regular T2-symmetric initial data set, one has
either (
R
0
)2 − (Rξ)2 > 0,
or else the initial data is trivial, i.e. R,A,U are constants and R
0
,A
0
,U
0
vanish identically.
Proof. It remains to establish the second item. We follow here an argument due to Chrusciel [7]
and Rendall [25] for sufficiently regular spacetimes. In our weak regularity class, it follows that
the norm g(∇R,∇R) is a measurable and bounded function defined almost everywhere., at least.
however, it follows from the first item of this proposition that R is actually of class C1 in both
variables t, θ. Define λ± := ρRt ±Rθ andH := νθ − Pθ + νt − Pt. Taking the sum and the difference
of the two constraint equations (4.1)-(4.2) lead to Z(λ±) = −λ±H + N, where N can be checked to
belong to L∞
loc
(L2(S1)) and be non-positive almost everywhere. From the last two equations and
the continuity of λ±, it follows that either λ+ = 0 or λ+ never vanishes. A similar conclusion holds
for λ−. Moreover, periodicity of R excludes the possibility that λ+ > 0 and λ− < 0, as well as the
possibility that λ+ < 0 and λ− > 0. Thus, it follows that either λ+λ− > 0 or else λ± = 0 and N = 0.
In the latter case, U and A are constant functions and the spacetime is flat. 
5.2 From conformal to areal coordinates
To solve the initial value problem, we will need two different coordinate systems, one being better
suited for the local-in-time analysis (i.e. the conformal coordinate system) and the other being
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better suited for the long-time control of the growth of the initial norms (i.e. the areal coordinate
system). However, since the construction of these coordinates depends on the metric, the weak
regularity of the metric imposes a restriction on the regularity of these coordinates as functions of
the original coordinates. In this section, we prove that despite this difficulty, the weak regularity
of the metric coefficients is invariant under such a transformation. We begin with the following
technical result which establishes additional regularity in time.
Lemma 5.2 (Additional regularity in time). Consider a 2-dimensional Lorentzian manifold (Q, g˜)
Q := [t0, t1) × S1, g˜ := −ρ dt2 + ρ−1 dξ2, (5.3)
where ρ = ρ(τ, ξ) is assumed to be class C1. Let f ∈ L∞
loc
([t0, t1),H1(S1)) ∩W1,∞loc ([t0, t1), L2(S1)) be a weak
solution to the wave equation
g˜ f = q,
where the right-hand side satisfies q ∈ L2
loc
([t0, t1), L2(S1)). Then, f is actually more regular and belongs to
C0(H1(S1)) ∩ C1(L2(S1)).
Proof. Let a time interval [t0, t2] ⊂ [t0, t1) be fixed, let f ǫ0 , f ǫt,0, and qǫ be smooth functions approx-
imating f (t0, ·), ft(t0, ·), and q in the topology of H1(S1), L2(S1), and L2([t0, t2] × S1), respectively.
Let f ǫ be the solution to the corresponding wave equation with source qǫ and initial data ( f ǫ
0
, f ǫ
t,0).
Observe that f ǫ is of class C1, at least, and set ∆ f := f − f ǫ, ∆q := q − qǫ, etc. Then, a standard
energy estimate implies for all t ∈ [t0, t2]
‖∆ ft(t)||2L2 + ||∆ fθ(t)||2L2 . || f0 − f ǫ0 ||2H1(S1) + || ft,0 − f ǫt,0||2L2(S1) + ||∆ ft ∆q||L1([t0,t2]×S1),
where the implied constant depends on the Lipschitz constant of ρ and t0, t1. Applying Cauchy-
Schwarz to the latter term above, we arrive at a Lipschitz continuity estimate which implies
convergence of f ǫ toward f . 
Note that in conformal coordinates, ρ = 1 in (5.3) and hence is indeed C1, while for areal
coordinates ρ = a−1 for which we prove W2,1 (thus C1) regularity in Section 7. Moreover, we will
prove later in Section 6 that the source terms in the wave equations for R,U,A are indeed in L2
loc
so
that the above lemma applies with (Q, g˜) chosen to be the quotient space M/T2 with its induced
metric and differential structure given by either conformal or areal coordinates.
These observations leadus to the following important resultwhich, inparticular, shows that the
regularity of the metric functions does not change under a change of coordinates from conformal
to areal coordinates or vice versa.
Proposition 5.3 (Fromconformal to areal coordinates andvice-versa). Let (MC, g) be aweakly regular
vacuum T2-symmetric spacetime and assume that C = (τ, ξ, x, y) are admissible conformal coordinates. It
follows from Proposition 5.1 that there exists an areal coordinate systemA = (R, θ, x, y) (with ∇R timelike)
that is C1-compatible with C = (τ, ξ, x, y). Let MA be the topological manifold MC endowed with the
(unique) C∞-differential structure compatible with (R, θ, x, y). Then, (R, θ, x, y) are admissible coordinates
for the manifold (MA, g) and, in particular, the Einstein field equations hold in areal coordinates.
Similarly, let (MA, g) be a weakly regular vacuum T2-symmetric spacetime and let A = (R, θ, x, y) be
admissible areal coordinates. It follows from Lemma 3.5 and the improved regularity on the coefficient a
that there exists a conformal coordinate system C = (τ, ξ, x, y) that is C1-compatible with A = (τ, ξ, x, y).
Let MC be the topological manifold MA endowed with the (unique) C
∞-differential structure compatible
with (τ, ξ, x, y). Then, (τ, ξ, x, y) are admissible coordinates for the manifold (MC, g) and, in particular, the
Einstein field equations hold in conformal coordinates.
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Proof. Weestablish this result for the transformation fromconformal to areal coordinates, the proof
of the second statement being similar. Note first that since the change of coordinates is of class C1,
the measures of volume associated with (τ, ξ) and (R, θ) are equivalent, hence we may talk about
Lp functions unambigously. Lemma 6.9 ensures that the assumptions of Lemma 5.2 are satisfied.
Standard energy estimates and density argument then show thatU,A, as functions of (R, θ), are of
class CR(H
1
θ) ∩ C1R(L2θ). By density, the weak version of the Einstein equations must hold in areal
coordinates. It then follows from the constraint equations that ν and a are in C0
R
(W1,1
θ
) ∩ C1
R
(L1θ)
and C1
R,θ, respectively. Note finally that, by construction, R is C
∞ in areal coordinates. 
5.3 Regularization of initial data sets with constant area of symmetry
We now establish that any given weakly regular T2-symmetric initial data set with constant area
R = R0 can be uniformly approximated by smooth T
2-symmetric initial data set. In view of (4.25),
the initial data for the functionsG,H do not enter the constraint equations, hencewemay suppress
here any reference to these functions. Therefore, we set
X :=
(
U0,A0,U1,A1, a, η0, η1
)
,
which represents an initial data set for the reduced equations (4.21). We are interested in the
existence of suitable regularizations of X.
Lemma 5.4 (Regularization of initial data sets in areal coordinates). Let X be an initial data set for
the reduced Einstein equations, in particular satisfying the constraint equations (4.25) (with U0 replaced
by U0, etc.). Then, there exist smooth functions defined on S
1
X
ǫ
=
(
U
ǫ
0,A
ǫ
0,U
ǫ
1,A
ǫ
1, a
ǫ, ηǫ0, η
ǫ
1
)
, ǫ ∈ (0, 1),
referred to as a regularized initial data set,such that X
ǫ
satisfies the reduced Einstein constraint equations
(4.25) and converges almost everywhere (for the Lebesgue measure on S1) with, moreover,
(U
ǫ
0,A
ǫ
0,U
ǫ
1,A
ǫ
1)→ (U0,A0,U1,A1) in L2(S1),
a
ǫ → a in W1,∞(S1),
(ηǫ0, η
ǫ
1)→ (η0, η1) in L1(S1).
Importantly, the method of proof of this lemma given now can also be applied to establish
the existence of weakly regular T2-symmetric initial data sets with constant Rwhose regularity is
precisely the one introduced in Definitions2.1 and 2.2, apart from the assumptions on R.
Proof. By convolution of the data X and relying on the regularity assumed on the initial data set,
one can define smooth functionsU
ǫ
0, A
ǫ
0,U
ǫ
1, A
ǫ
1, a
ǫ
defined on S1 such that, as ǫ ∈ (0, 1) approaches
0, the functions U
ǫ
0, A
ǫ
0, U
ǫ
1, A
ǫ
1 converges in L
2(S1) toward U0, A0, U1, A1, respectively, while a
ǫ
converges to a inW1,∞(S1).
In order to obtain a complete set of regularized initial data, we also have to regularize the
functions η0 and η1 in such a way that the constraint equations (4.25) hold for each ǫ. To this end,
to each regularized set Y
ǫ
:= (U
ǫ
0,A0,U
ǫ
1,A
ǫ
1, a
ǫ
), we associate the function and scalar
ω[Y
ǫ
] := 2R
(
U
ǫ
0U
ǫ
1 + R
−2e2U
ǫ
A
ǫ
0A
ǫ
1
)
, Ω[Y
ǫ
] :=
∫
S1
ω[Y
ǫ
] dθ.
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It follows that the function ω[Y
ǫ
] converges in the space L1(S1) toward η1, and that the sequence
Ωǫ (is uniformly bounded and) converges to 0.
Assuming first that we have been able to choose the regularization Y
ǫ
so that Ω[Y
ǫ
] = 0 for
each ǫ, and let us fix an arbitrary value θ∗ ∈ S1. Then, by defining
ηǫ(θ) := η(θ∗) +
∫ θ
θ∗
ω[Y
ǫ
] dθ′,
we see that the functions ηǫ converge inW1,1(S1) toward the initial data η. We can also define the
function ηǫ0 by
(a
ǫ
)−1 ηǫ0 + (a
ǫ
)−1
e2η
ǫ
K2
4R3
= RE[Y
ǫ
]
E[Y
ǫ
] := (a
ǫ
)−1 (U
ǫ
0)
2
+ a
ǫ
(U
ǫ
1)
2
+ (2R)−2 e4U
ǫ (
(a
ǫ
)−1 (A
ǫ
0)
2
+ a
ǫ
(A
ǫ
1)
2
)
.
(5.4)
Here, the constant K is precisely the twist constant of the original initial data set. The right-hand
side of (5.4) converges in L1(S1) to the right-hand side of (4.25). We also claim that (a
ǫ
)−1 e2η
ǫ
K2 R−3
converges to (a)−1 e2η K2 R−3 in L1(S1). Indeed, aǫ converges to a inW1,∞(S1) and thus in L∞(S1), and,
moreover, e2η
ǫ
converges to e2η in L1(S1), as follows from the convergence of ηǫ in W1,1 and, thus,
in L∞(S1). Therefore, we see from equation (4.25) that ηǫ0 converges in L
1(S1) to η0, and passing to
a subsequence if necessary, we may also assume almost everywhere convergence. Thus, ηǫ and
ηǫ0 satisfy the requirement of the lemma.
It remains to determine a regularization such that Ω[Y
ǫ
] vanishes. We start from an arbitrary
regularized set Y
ǫ
that may not satisfy the constraints. Without loss of generality, we may
assume that
∫
S1
(U1)
2 or
∫
S1
(A1)
2 > 0 (or both) are positive. For, if both of these terms vanish,
U and A are almost everywhere constant, say U = U∗, A = A∗, and choosing for regularization
R := (U∗,U
ǫ
0,A∗,A
ǫ
0, a
ǫ
), we obtain Ωǫ
R
= 0.
Assume, for instance, that
∫
S1
(U1)
2 =: c is positive, the case that
∫
S1
(Aθ)
2 is positive being
similar. For all ǫ > 0 sufficiently small, we have
∫
S1
(U
ǫ
1)
2 > c/2 and, by assumption, Ωǫ
R
goes to
zero with ǫ. Setting
δǫ := − Ω[Y
ǫ
]
2R
∫
S1
(U
ǫ
θ)
2
,
we now claim that
Y
′
:=
(
U
ǫ
,U
ǫ
0 + δ
ǫ U
ǫ
1,A
ǫ
,A
ǫ
0, a
ǫ
)
satisfies the constraints. Indeed, one can check that, by construction,Ω[Y
′
] = 0 and the conclusion
follows from the estimate
|δǫ| ≤
∣∣∣Ω[Yǫ]∣∣∣
2c
,
where the right-hand side converges to 0 as ǫ→ 0. 
5.4 Regularization of generic initial data sets
In passing, we now establish a stronger version of the previous regularization scheme which is
of independent interest and applies to generic initial data sets. This result is not needed for our
main result in this article, but is included for completeness.
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Proposition 5.5 (Regularization of generic initial data sets). Let (Σ, h, k) be a weakly regular T2-
symmetric Riemannian manifold satisfying the weak version of the vacuum constraint equations. Assume
that either the area of the symmetry orbits R = const on Σ or the following condition holds (using the
notation of Lemmas 3.1 and 3.2): ∫ 2π
0
f (ξ)e−
∫ 2π
ξ′ gdξ
′′
dξ′ , 0, (5.5)
where f and g are defined by
f =
Rξ
R
0
2 − R2ξ
1
2R
,
g =2
(
R
0
2 − R2ξ
)−1 (
− RRξ
U
0
2
+U
2
ξ +
e4U
4R
2
(
A
0
2
+ A
2
ξ
)
+
Rξξ
R

+ RR
0
(2U0 Uξ + e
4U
2R
2
A
0
Aξ +
R
0 ξ
R

)
,
U = P + 12 , and U0
= P
0
+ R
0
/(2R). Then, there exists a smooth family of T2-symmetric metrics hǫ
(parameterized by ǫ ∈ (0, 1) ) invariant by the same T2 action, together with a smooth family of T2-
symmetric, symmetric 2-tensors kǫ invariant by the same T2 action such that the triple (Σ, hǫ, kǫ) satisfies
the constraints in the same conformal system of coordinates and (hǫ, kǫ) converges to (h, k) as ǫ goes to 0 in
the following topology:
U
ǫ
,A
ǫ → U,A in H1(S1), U
0
ǫ
,A
0
ǫ → U
0
,A
0
in L2(S1), νǫ → ν in W1,1(S1)
ν
0
ǫ → ν
0
in L1(S1), R
ǫ → R in W2,1(S1), R
0
ǫ → R
0
in W1,1(S1),
and the twist coefficients associated with (h, k,X,Y) converge to the twists coefficients associated with
(hǫ, kǫ,X,Y).
Proof. For simplicity in the notation, we drop the bars and write Rτ for R
0
. Without loss of
generality, we may also assume that the initial data are not trivial and, in particular, that A,U are
not contants andAτ,Uτ donot vanish identically. SinceRτ,Rξ are of classC1 at least andR2τ−R2ξ > 0
(cf. Proposition 5.1), by a continuity argumentwe obtain the lower bound R2τ−R2ξ ≥ c > 0 for some
contant c. It follows that the constraint equations are equivalent to
0 = RRξ
(
U2τ +U
2
ξ +
e4U
4R2
(
A2τ + A
2
ξ
)
+
Rξξ
R
+
e2νK2
4R2
)
− νξR2ξ − ντRτRξ,
0 = RRτ
(
2UτUξ +
e4U
2R2
AτAξ +
Rξτ
R
)
− νξR2τ − ντRτRξ,
where K denotes the twist constant associated with Y, the other twist constant being set to 0
(without loss of generality in view of Proposition 2.24). Taking the difference of the last two
equations, we obtain
νξ +
RRξ
R2τ − R2ξ
K2
4R2
e2ν =
(
R2τ − R2ξ
)−1 ( − RRξ
(
U2τ +U
2
ξ +
e4U
4R2
(
A2τ + A
2
ξ
)
+
Rξξ
R
)
+ RRτ
(
2UτUξ +
e4U
2R2
AτAξ +
Rξτ
R
) )
.
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Let us rewrite this equations as
(
e2ν
)
ξ
e−2ν + K2 f e2ν = g with
f =
RRξ
R2τ − R2ξ
1
2R2
g = 2
(
R2τ − R2ξ
)−1 ( − RRξ (U2τ +U2ξ + e4U4R2
(
A2τ + A
2
ξ
)
+
Rξξ
R
)
+ RRτ
(
2UτUξ +
e4U
2R2
AτAξ +
Rξτ
R
) )
.
Setting φ = e−2ν, then we have φ′ + φg = K2 f which may be solved as
e−2ν(ξ) = e−2ν(0)e−
∫ ξ
0
g(ξ′)dξ′
+ K2
∫ ξ
0
f (ξ)e−
∫ ξ
ξ′ gdξ
′′
dξ′. (5.6)
We now use the above formula to define the regularized ν, as follows. Regularize R, Rτ, U, Uτ, A
and Aτ by convolution.
If Rξ = 0 uniformly, then R = const initially, and hence, we may apply the regularization
scheme developed in areal coordinates in the previous section. Thus, let us assume that Rξ , 0
and that the technical assumption of the lemma holds.
Define Kǫ by
(Kǫ)2 := e−2ν(0)
(
1 − e−
∫ 2π
0
gǫ(ξ′)dξ′
) (∫ 2π
0
f ǫ(ξ)e−
∫ 2π
ξ′ g
ǫdξ′′dξ′.
)−1
,
and observe that from the strong convergence of f ǫ to f and gǫ to g it follows that (Kǫ)2 is
well-defined and converges to K2 (as ǫ goes to 0). Define now νǫ as
e−2νˆ
ǫ
(ξ) = e−2ν(0)e−
∫ ξ
0
gǫ(ξ′)dξ′
+ (Kǫ)2
∫ ξ
0
f ǫ(ξ)e−
∫ ξ
ξ′ g
ǫdξ′′dξ′. (5.7)
It follows from the definition of Kǫ that νǫ is periodic with period 2π (and hence can be identified
with a smooth function on S1) and converges to ν in W1,1 as ǫ goes to 0. Finally, we define νǫτ so
that the remaining constraint equation holds, i.e. by
νǫτ = −
1
(Rǫτ)2 − (Rǫξ)2
(
RǫRǫξ
(
2UǫτU
ǫ
ξ +
e4U
ǫ
2(Rǫ)2
AǫτA
ǫ
ξ + R
ǫ
ξτ
)
+ RǫRǫτ
(
(Uǫτ)
2
+ (Uǫξ)
2
+
e4U
ǫ
4Rǫ
(
(Aǫτ)
2
+ (Aǫξ)
2
)
+
Rǫ
ξξ
Rǫ
+
e2ν
ǫ
(Kǫ)2
4(Rǫ)2
) )
.
The convergence of the right-hand side and the original validity of the constraints then imply that
νǫτ converges in L
1 to ντ. 
6 Local geometry of weakly regular T2–symmetric spacetimes
6.1 Strategy of proof
For the existence of weak solutions to the initial value problem associated with the Einstein
equations under the assumed symmetry, we proceed as follows.
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Step 1. Local existence in conformal coordinates and blow-up criterion. First, we prove a com-
pactness property for solutions to the conformal equations. This yields us, for any weakly
regular initial data set, the existence of a local-in-time solution, defined on a sufficiently
small interval of (conformal) time [τ1, τ1 + ǫ), where ǫ only depends on natural (energy-like)
norms corresponding to the assumed (weak) regularity of the initial data. Together with
this local existence result, we obtain a continuation criterion. This result is stated precisely
in Theorem 6.1, below, and the rest of this section is devoted to its proof.
Step 2. Local existence in areal coordinates. We can always arrange that the condition τ = τ1 coin-
cideswithR = R1 (cf. the construction of conformal coordinates in Lemma 3.5), and sinceR is
strictly increasing with τ and weak solution to the conformal equations can be transformed
to weak solutions to the areal equations (i.e. the equations derived in Proposition 5.3), we
obtain a local solution to the equations in areal coordinates, defined on a small interval of
areal time [R1,R1+ ǫ). Moreover, we also obtain a continuation criterion in areal coordinates
which states the solution ceases to exist only if the natural energy-like norms are blowing
up.
Step 3. Global existence in areal coordinates. Finally, performing a further analysis of the Einstein
system in areal coordinates, we obtain a global-in-time control of the natural norms which
will lead us to the desired global existence result. This step will be presented in Section 7,
below.
The above strategy is motivated by the following observations. Due to the quasilinear structure
of the equations in areal coordinates, one cannot directly estimate the difference of solutions.
While we do obtain a priori estimates for solutions in Step 3, these estimates do not provide
sufficiently strong compactness properties. A possible strategy (for general quasilinear systems)
in order to cope with this difficulty would be to prove compactness in a weaker functional space.
However, under our weak regularity assumptions, the natural functions spaces for U,A which
one may think of would be L2 (instead of H1); however, one cannot control the behavior of the
remaining metric coefficients a, ν by the L2 norm of U,A. This is the reason why we propose here
to rely on conformal coordinates (in which the equations become semi-linear) in order to prove
local-well-posedness. However, in conformal coordinates, the natural energy associatedwithU,A
fails to be a-priori bounded, and this is why only local-in-time existence is obtained in conformal
coordinates, one must introduce areal coordinates to get a global-in-time result. In the rest of this
section, we discuss the issue of local existence in conformal coordinates.
6.2 Local existence
As explained above, the aim of this section is to prove the following result.
Theorem6.1 (Local existence in conformal coordinates). Let (Σ, h,K) be aweakly regular T2-symmetric
initial data set. Assume that (Σ, h,K) admits a regularization (Σǫ, hǫ,Kǫ) as described in Lemma 5.5,
which, for instance, applies if the associated area function R is constant on Σ. Let (ξ′, x′, y′) be admissible
coordinates and R
0
be defined in as in Lemma 3.2. Assume finally that
M0 := inf
Σ
|R
0
− Rξ′ | inf
Σ
|R
0
+ Rξ′ |
is non-vanishing (which holds for non-trivial data in view of Proposition 5.1). Then, there exists a
weakly regular T2-symmetric Lorentzian manifold (M, g) endowed with admissible conformal coordinates
(τ, ξ, x, y) such that the following conditions hold:
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1. M = [τ0, τ1) × Σ for some τ0 < τ1, and the metric g takes the conformal form (3.4).
2. R is strictly increasing with τ.
3. |τ1 − τ0| > 0 depends only the initial norm N0 of the initial data set, defined by
N0 :=||U,A||H1(S1) + ||U
0
,A
0
||L2(S1) + ||ν||W1,1(S1) + ||ν
0
||L1
+ ||R||W2,1(S1) + ||R
0
||W1,1(S1) + ||
(
R
)−1||L∞(S1) + 1M0 .
(6.1)
4. The metric coefficients have the following regularity:
U,A ∈ C0τ(H1ξ(S1)) ∩ C1τ(L2ξ(S1)), ν ∈ C0τ(W1,1ξ (S1)) ∩ C1τ(L1ξ(S1)),
R ∈ C0τ(W2,1ξ (S1)) ∩ C1τ(W1,1ξ (S1)).
5. Denoting by ψ the embedding: ψ : Σ→M, (ξ′, x′, y′) 7→ (τ, ξ, x, y), one has(
U,Uτ,A,Aτ, ν, ντ,R,Rτ,G,Gτ,H,Hτ
)
(τ0) =
(
U,U
0
,A,A
0
, ν, ν
0
,R,R
0
,G,G
0
,H,H
0
)
◦ ψ.
6. Let (M′, g′) be another weakly regular T2-symmetric manifold with admissible conformal coordinates
satisfying all of the conditions above but with another embedding ψ′ : Σ→ M′. Then, there exists a
neighborhoodU ⊂ M of ψ(Σ), a neighborhoodU′ ⊂ M′ of ψ′(Σ) and C∞ diffeomorphism φ : U′ → U
such that g′|U′ = ψ∗g|U and ψ ◦ φ ◦ ψ′ = idΣ.
To establish this result, we are going first to derive a priori estimates for any given smooth
solution and, next, a priori estimates about the difference of two solutions. Compactness of the set
of all solutions arising from a regularization of the initial data follows easily from these estimates.
Interestingly, our estimate for the difference of two solutions requires a property of higher-order
integrability on curved spacetimes with weakly regular geometry, inspired from Zhou [32] who
treated a system of (1 + 1)-wave maps on the (flat) (1 + 1)-Minkowski space. The uniqueness
statement in the above theorem also follows from our estimates on the difference of two solutions,
once a system of conformal coordinates has been fixed, which is equivalent to fixing a system of
admissible coordinates on Σ.
The derivation of a priori estimates for smooth solutions given now relies on a bootstrap
argument. To establish energy estimates for the wave equations forU,A, we need an upper bound
on the sup norm of the first derivatives of R as well as on the sup norm of ν. Thus, we first prove
energy estimates depending on these bounds and, next, use these energy estimates to improve
the upper bounds, on sufficiently small time intervals at least.
6.3 A priori estimates for smooth solutions
We consider a smooth solution (U,A,R, ν) of the Einstein equations in conformal coordinates
defined on some interval [τ0, τ1) with τ1 > τ0. Moreover, we assume that the solution is non-
trivial (i.e. does not lead to a flat spacetime) and that the time orientation has been chosen so that
Rτ > 0.
Lemma 6.2 (Monotonicity of the area function). Both functions Rτ ± Rξ are strictly increasing along
the integral curves of τ∓ ξ = const, as functions of τ∓ ξ, respectively. Moreover, R is a strictly increasing
function of τ and in particular, for all τ ≥ τ0,
R(τ, ξ) ≥ min
τ′=τ0
R.
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Proof. Introducing the notation ∂u = ∂τ − ∂ξ, ∂v = ∂τ + ∂ξ, we observe that
Ruv ≥ 0,
which, in view of our assumptions on the initial data, leads to the desired claims. 
From now on, we set
R0 := min
τ′=τ0
R, (6.2)
and we work with the energy-like functional
Econf(τ) :=
∫
S1
(
R
(
U2τ +U
2
ξ
)
+
e4U
4R
(
A2τ + A
2
ξ
)
+
e2νK2
4R3
)
.
Lemma 6.3 (Energy estimate). For all τ ≥ τ0, one has
Econf(τ) ≤ Econf(τ0) eC(R0)
(
||R||
C1(τ,ξ)+1
)
(τ−τ0),
where C(R0) > 0 depends only R0.
Proof. From the constraint equations, it follows that
Econf =
∫
S1
−Rξξ − ντRτ − νξRξ =
∫
S1
−ντRτ − νξRξ
and, after several integration by parts,
d
dτ
Econf =
∫
S1
−ντ(Rττ − Rξξ) − Rτ(νττ − νξξ).
Using the wave equations for ν and R, we then obtain
d
dτ
Econf = C(R0)||R||C1Econf −
∫
S1
ντe
2ν K
2
2R3
.
The desired result then follows by integration in time, using and Gronwall’s lemma and after
integating by parts to control the second term above. 
Lemma 6.4 (First-order estimates on the area function). By defining
M(R)(τ) := inf
ξ∈S1
Ru(τ, .) inf
ξ∈S1
Rv(τ, .), (6.3)
the area function satisfies
||R||C1(τ) ≤ C
(
(τ − τ0)||e2ν||L∞[τ0 ,τ]×S1 + ||R||C1(τ0)
)
,(
R2τ − R2ξ
)
(τ) ≥ M(R)(τ0),
where the constant C = C(R0,K) > 0 only depends on R0 and the twist constant K.
Proof. Both estimates are straightforward consequences of the wave equation satisfied by the
functionR. The second uses the fact thatR2τ−R2ξ = RuRv and that both Ru andRv aremonotonically
increasing in respectively v and u. 
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A direct consequence of the constraint equations is now stated.
Lemma 6.5 (First-order estimate on ν). The metric coefficient ν satisfies
||νξ||L1(τ) + ||ντ||L1(τ) ≤ C ||R||C1([τ0 ,τ]×S1)
(
Econf(τ) + ||Rξξ||L1(τ) + ||Rξτ||L1(τ)
)
, (6.4)
where C = C (R0,M(R)(τ0)) > 0 is a constant.
Finally, we have the following additional estimate on R.
Lemma 6.6 (Higher-order estimates on the area function). The area function satisfies the following
second-order estimates:
||Rξξ||L1(S1)(τ) ≤ C(R0)
∫ τ
τ0
(
||νξ||L1(τ′) + ||R||C1([τ0 ,τ′]×S1)
)
||e2ν||L∞dτ′ + ||Rξξ||L1(S1)(τ0),
||Rξτ||L1(S1)(τ) ≤ C(R0)
∫ τ
τ0
(
||ντ||L1(τ′) + ||R||C1([τ0,τ′]×S1)
)
||e2ν||L∞dτ′ + ||Rξτ||L1(S1)(τ0).
Proof. This is a simple commutation argument for the wave equation of R. Recall that R satisfies
an equation of the form Ruv = ΩR, hence we have
Rξu(ξ, v) =
∫
v
∂ξΩR + Rξu(ξ, v0).
Similar expressions holds for Rξv, Rτu and Rτv. The result follows since ΩR = e
2νK2/(2R3). 
To close the argument and arrive at the desired uniform estimate, we consider the following
bootstrap assumptions:
||ν||L∞(τ) < 5C1
(
||R||C1(S1) + ||R
0
||C0(S1)
) (
Econf(τ0) + ||Rξξ||L1(τ0) + ||
(
R
0
)
ξ
||L1(τ0) + 1
)
+
1
π
||ν||L1 , (6.5)
||R||C1
(
[τ0, τ] × S1
)
< 2
(
||R||C1(S1) + ||R
0
||C0(S1)
)
, (6.6)
where C1 = C1(R0,M0) > 0 is the constant arising in (6.4). Let δ > 0 be fixed, andB ⊂ [τ0, τ0 + δ] be
the largest spacetime region which is included in [τ0, τ0 + δ] and in which (6.5)-(6.6) hold. Then,
B is clearly non-empty and open. We show that for all sufficiently small δ (in terms of the initial
norm of the data (6.1), only) we can improve (6.5)-(6.6), i.e. that the following holds.
Lemma 6.7. If δ > 0 is sufficiently small (depending only on the initial norm (6.1)) then B is closed.
Proof. It follows from the previous estimates and the bootstrap assumptions that if δ is sufficiently
small, depending only on the initial norm of the data, we have
||νξ||L1(S1)(τ) + ||ντ||L1(S1)(τ) ≤ 4C1
(
||R||C1(S1) + ||R
0
||C0(S1)
) (
Econf(τ0) + ||Rξξ||L1(τ0) + ||Rξτ||L1(τ0) + 1/2
)
.
Since
||ν||L∞(τ) ≤ 1
2π
||ν||L1(τ0) + ||νξ||L1(τ) + 12π (τ − τ0)||ντ||L1(τ),
we have improved (6.5), and then (6.6) is easily improved using the wave equation for R. 
Hence, we have established the following result.
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Proposition 6.8 (A priori estimates in conformal coordinates). There exists a real δ > 0 depending
only on the initial norm of the data (6.1) such that, on [τ0, τ + δ],
N(τ) : = ||U,A||H1(S1)(τ) + ||Uτ,Aτ||L2(S1) + ||ν||W1,1(S1) + ||ντ||L1
+ ||R||W2,1(S1) + ||Rτ||W1,1(S1) + ||R−1||L∞(S1) +N(∇R)−1(τ)
≤ C
(6.7)
where C := C
(
N(τ0),M(R)(τ0)
)
is a constant.
6.4 Higher-integrability in spacetime
In order to prove compactness of sequences of solutions, we need a better control over the source
terms arising in the equations satisfied by the metric coefficients U,A. To this end, we establish
now a higher integrability property in spacetime for these source terms. Our method is inspired
from Zhou [32] who treated 1+ 1 dimensional wave map systems. The following result is actually
stated in a more general form than needed for the proof of local well-posedness in conformal
coordinates, but the full statement is relevant for the analysis in areal coordinates (cf. Section 7,
below).
Lemma 6.9 (Spacetime higher-integrability estimate). Let w−,w+ : [R0,R⋆] × R → R be weak
solutions in L∞t L
2
θ to the equations ∂Rw± ± ∂θ(aw±) = h±, respectively, where the coefficient a : [R0,R⋆] ×
R → R belongs to L∞ and satisfies 0 < a0 ≤ a ≤ a1 and h± : [R0,R⋆] × R → R in L∞t L1θ are given
functions. Then, for each L > a1R one has
d
dR
NI + 2a0N
II ≤ NIII,
with
NI(R) :=
∫ L−a1R
−L+a1R
∫ L−a1R
θ+
|w+(R, θ+)| |w−(R, θ−)| dθ+dθ−,
NII(R) :=
∫ L−a1R
−L+a1R
|w+(R, ·)| |w−|(R, ·) dθ,
NIII(R) :=
∑
±
∫ L−a1R
−L+a1R
|h±(R, ·)| dθ
∫ L−a1R
−L+a1R
|w∓(R, ·)| dθ.
Proof. It is not difficult to check that
∂R|w±| ± ∂θ(a |w±|) ≤ |h±|.
On the other hand, from the definitions, we obtain
d
dR
NI(R) ≤
∫ L−a1R
−L+a1R
∫ L−a1R
θ+
(
− ∂θ(a |w+|) + |h+|
)
(R, θ+) |w−(R, θ−)| dθ−dθ+
+
∫ L−a1R
−L+a1R
∫ L−a1R
θ+
|w+(R, θ+)|
(
∂θ(a |w−|) + |h−|
)
(R, θ−) dθ−dθ+
− a1
∫ L−a1R
−L+a1R
|w+(R,−L + a1R)| |w−(R, θ)| dθ − a1
∫ L−a1R
−L+a1R
|w+(R, θ)| |w−(R, L − a1R)| dθ
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and, therefore,
d
dR
NI(R) ≤ − 2
∫ L−a1R
−L+a1R
a(R, θ) |w+(R, θ)| |w−|(R, θ) dθ
+
∫ L−a1R
−L+a1R
∫ L−a1R
θ+
(
|h+|(R, θ+) |w−(R, θ−)| + |w+|(R, θ+) |h−(R, θ−)|
)
dθ−dθ+
−
∫ L−a1R
−L+a1R
(
a1 − a(R, θ)
)
|w+(R,−L + a1R)| |w−(R, θ)| dθ
−
∫ L−a1R
−L+a1R
(
a1 − a(R, θ)
)
|w+(R, θ)| |w−(R, L − a1R)| dθ.
Using the lower and upper bound of the function a, we obtain the desired estimate. 
6.5 Well-posedness theory for weak solutions
We are now in a position to complete the proof of Theorem 6.1 concerning local existence of
solutions for the system (4.13)-(4.19) by establishing estimates for the difference of two solutions.
Let (Uǫ1 ,Aǫ1 , νǫ1 ,Rǫ1 ,Kǫ1 ) and (Uǫ2 ,Aǫ2 , νǫ2 ,Rǫ2 ,Kǫ2 ) be two C∞ solutions to the system (4.13)-(4.19),
with respectively twist constant Kǫ1 and Kǫ2 , defined on a cylinder [τ0, τ1] × S1, where τ1 = τ0 + δ,
with δ small enough so that the uniform estimates of the previous section hold for both solutions.
Denote by Ni(τ) (i = 1, 2) the norms of the solutions at time τ, i.e.
Ni(τ) = ||Uǫi ,Aǫi ||H1(S1)(τ) + ||Uǫiτ ,Aǫiτ ||L2(S1) + ||νǫi ||W1,1(S1) + ||νǫiτ ||L1
+ ||Rǫi ||W2,1(S1) + ||Rǫiτ ||W1,1(S1) + || (Rǫi )−1 ||L∞(S1) +
1
M(Rǫi )(τ)
. (6.8)
From the uniform estimates established above, it follows that for i = 1, 2, there exists a positive
constant Ci, depending only on Ni(τ0), such that
Ni(τ) ≤ Ci.
We define ∆U := Uǫ2 −Uǫ1 , ∆A := Aǫ2 − Aǫ1 , ... and we set
N∆(τ) := ||∆U,∆A||H1(S1)(τ) + ||∆ν,∆Rξ,∆Rτ||W1,1(τ) + ||∆Uτ,∆Aτ||L2(S1)(τ)
+ ||ντ||L1(τ) + ||∆R,∆(R−1)||C1(S1)(τ) + ||∆Rτ||C0(S1)(τ).
Then, ∆U, ∆A, etc. satisfy the equations
∆Uττ − ∆Uξξ = Ω∆U, ∆Aττ − ∆Aξξ = Ω∆A,
∆νττ − ∆νξξ = Ω∆ν, ∆Rττ − ∆Rξξ = Ω∆R,
with error terms given by
Ω
∆U
= − R
ǫ2
τ
Rǫ2
Uǫ2τ +
Rǫ1τ
Rǫ1
Uǫ1τ +
Rǫ2ξ
Rǫ2
Uǫ2ξ −
Rǫ1ξ
Rǫ1
Uǫ1ξ
+
e4U
ǫ2
2(Rǫ2)2
(
(Aǫ2τ )
2 − (Aǫ2ξ )2
)
− e
4Uǫ1
2(Rǫ1)2
(
(Aǫ1τ )
2 − (Aǫ1ξ )2
)
,
Ω
∆A
=
Rǫ2τ
Rǫ2
Aǫ2τ −
Rǫ1τ
Rǫ1
Aǫ1τ −
Rǫ2ξ
Rǫ2
Aǫ2ξ +
Rǫ1ξ
Rǫ1
Aǫ1ξ
+ 4
(
Aǫ2
ξ
Uǫ2
ξ
− Aǫ2τ Uǫ2τ
)
− 4
(
Aǫ1
ξ
Uǫ1
ξ
− Aǫ1τ Uǫ1τ
)
,
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and
Ω
∆ν
=(Uǫ2ξ )
2 − (Uǫ2τ )2 − (Uǫ1ξ )2 + (Uǫ1τ )2
+
e4U
ǫ2
4(Rǫ2)2
(
(Aǫ2τ )
2 − (Aǫ2ξ )2
)
− e
4Uǫ1
4(Rǫ1)2
(
(Aǫ1τ )
2 − (Aǫ1ξ )2
)
− 3(K
ǫ2)2
4(Rǫ2)4
e2ν
ǫ2
+
3(Kǫ1)2
4(Rǫ1)4
e2ν
ǫ1 ,
Ω
∆R
= − (K
ǫ2)2
2(Rǫ2)3
e2ν
ǫ2
+
(Kǫ2 )2
2(Rǫ1)2
e2ν
ǫ1 .
Moreover, we also have from the constraint equations
∆ντ = Ω
∆ντ , ∆νξ = Ω
∆νξ ,
whereΩ∆ντ and Ω∆νξ are obtained from the equations
νǫiτ = −
1
(Rǫiτ )
2 − (Rǫi
ξ
)2
(
RǫiRǫi
ξ
(
2UǫiτU
ǫi
ξ
+
e4U
ǫi
2(Rǫi)2
AǫiτA
ǫi
ξ
+ Rǫi
ξτ
)
+ RǫiRǫiτ
(Uǫiτ )2 + (Uǫiξ )2 + e4U
ǫi
4Rǫi
(
(Aǫiτ )
2
+ (Aǫiξ )
2
)
+
Rǫi
ξξ
Rǫi
+
e2ν
ǫi (Kǫi )2
4(Rǫi)2

)
νǫiξ = −
RǫiRǫiξ
(Rǫi )2τ − (Rǫi )2ξ
(Kǫi )2
4(Rǫi)2
e2ν
ǫi
+
(
(Rǫi )2τ − (Rǫi )2ξ
)−1 ( − RǫiRǫi
ξ
(
(Uǫi)2τ + (U
ǫi)2ξ +
e4U
ǫi
4(Rǫi)2
(
(Aǫi )2τ + (A
ǫi )2ξ
)
+
(Rǫi )ξξ
(Rǫi )
)
+ RǫiRǫiτ
2UǫiτUǫiξ + e4U
ǫi
2(Rǫi)2
AǫiτA
ǫi
ξ +
Rǫiξτ
Rǫi

)
.
We now arrive at one of our key estimates, i.e. a Lipschitz continuity property for solutions to
the Einstein equations in terms of their initial data. Note that the small-time restriction below is
made for convenience for the application of Lemma 6.9. The following statement completes the
proof of Theorem 6.1.
Proposition 6.10 (Continuous dependence property). Provided that τ1 − τ0 ≤ π, one has
N∆(τ1) ≤ CN∆(τ0),
where C > 0 only depends on the constants Ci.
Proof. We apply Lemma 6.9 first with w+ = (∆A+)
2 = (∆Aτ + ∆Uξ)
2 and w− = A2− = (Aτ − Aξ)2,
where A stands for any of the components Aǫi . This leads us to
||(∆A+)A−||2L2([τ0 ,τ]×S1) ≤ 4
∑
±
∫ τ
τ0
∫
S1
|h±|dξ
∫
S1
|w∓|dξ
for any τ ∈ [τ0, τ1], with
h+ = 2(∆A+)Ω
∆A, h− = 2A−ΩA,
|w+| ≤ 2(∆Aτ)2 + 2(∆Aξ)2, |w−| ≤ 2A2τ + 2A2ξ.
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Thus, we have
||(∆A+)A−||2L2([τ0 ,τ]×S1) ≤ CN
2
∫ τ
τ0
∫
S1
∆A+|Ω∆A|dξdτ +
∫ τ
τ0
(N∆)2(τ)
∫
S1
A−|ΩA|dξdτ, (6.9)
where N is the maximum of N1(τ0) and N2(τ0) and where C > 0 is a numerical constant.
For the second term on the right-hand side, recall also the estimate∫ τ
τ0
∫
S1
A−ΩA ≤ CN
(
||A−R+||L2(τ,ξ)||A−||L2(τ,ξ) + ||R−A+||L2(τ,ξ)||A−||L2(τ,ξ)
+ ||A−U+||L2(τ,ξ)||A−||L2(τ,ξ) + ||U−A+||L2(τ,ξ)||A−||L2(τ,ξ)
)
,
where A stands for any of the Aǫi and where ||.||L2(τ,ξ) stands for ||.||L2([τ0 ,τ1]×S2). Together, with the
a-priori estimate of the previous section, we then obtain∫ τ1
τ0
∫
S1
A−ΩA ≤ CN3.
For the first term on the right-hand side of (6.9), we note that
|Ω∆A| ≤
∑
±
(
1/2R−10 |∆R±| |Aǫ2∓ | + 1/2R−10 |∆A±| |Rǫ1∓ | + 1/2|∆R−1||A±R∓|
+ 2 |∆A±||Uǫ2∓ | + 2|Aǫ1± ||∆U∓|
)
,
where R0 > 0 is the minimum of (Rǫi )
−1, for i = 1, 2 on the initial data. Then, we have
|Ω∆A| ≤ CN
∑
±
|∆R±| |Aǫ2∓ | + |∆A±| |Rǫ1∓ | + |∆R−1||A±R∓| + 2|∆A±||Uǫ2∓ | + 2|Aǫ1± ||∆U∓|
for some numerical constant C > 0. Thus, using Cauchy-Schwarz inequality, we find∫ τ
τ0
∫
S1
∆A+|Ω∆A|dξτ ≤ CN
(
||∆A+Aǫ2− ||L2(τ,ξ)||∆R+||L2(τ,ξ + ||∆A+Aǫ2− ||L2(τ,ξ)||∆R−1R+||L2(τ,ξ)
+ ||∆A+Uǫ2− ||L2(τ,ξ)||∆A+||L2(τ,ξ) + ||∆A−Uǫ2+ ||L2(τ,ξ)||∆A+||L2(τ,ξ)
+ ||∆A+Aǫ2− ||L2(τ,ξ)||∆U+||L2(τ,ξ) + ||∆U−Aǫ2+ ||L2)τ,ξ)||∆A+||L2(τ,ξ)
)
+
∫ τ
τ0
||Aǫ2
+
∆R−||L2(ξ)||∆A+||L2(ξ)
+ ||∆A+Rǫ2− ||L2(ξ)||∆A+||L2(ξ) + ||∆A−Rǫ2+ ||L2(|ξ)||∆A+||L2(ξ)
+ ||∆R−1||L∞(ξ)||∆A+Rǫ2− ||L2(ξ)||A+||L2(τ,ξ). (6.10)
We estimate all products
||A±∆R∓|| ||∆A±||, ||∆A∓R±|| ||∆A±||, ||∆R−1||L∞(ξ).||∆A+Rǫ2− ||.||A+||,
and obtain
||Aǫ2±∆R∓||L2(τ)||∆A±||L2(τ) ≤ C ||∆R±||C0N||∆A±||L2(τ) ≤ CN ||N∆||2
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and, similarly,
||∆A∓R±||L2(τ)||∆A±||L2(τ) ≤ CN||N∆||2,
||∆R−1||C0 ||∆A+Rǫ2− ||L2(τ)||A+||L2(τ) ≤ CN2||N∆||2. (6.11)
Similar estimates hold by replacing + by −, A by U, and ∆A by ∆U, and so we have
∑
i, j
∑
±
||ui±∆u j∓||2L2(τ,ξ) ≤ C(N3 +N2)
∫ τ
τ0
||N∆||2dτ′. (6.12)
where (u1, u2) = (U,A) stands for either (Uǫ1 ,Aǫ1) or (Uǫ2 ,Aǫ2) and ∆u j = (∆U,∆A). In view of
d
dτ
∫
S1
∆A2τ + ∆A
2
ξ =
∫
S1
2∆AτΩ
∆A,
we have proved that (∫
S1
(
∆A2τ + ∆U
2
τ + ∆ν
2
τ + ∆Aξ + ∆U
2
ξ + ∆ν
2
ξ
)
dξ
)
(τ) ≤(∫
S1
(
∆A2τ + ∆U
2
τ + ∆ν
2
τ + ∆A
2
ξ + ∆U
2
ξ + ∆ν
2
ξ
)
dξ
)
(τ0) + CN
∫ τ
τ0
(N∆)2(τ)dτ′, (6.13)
where CN > 0 only depends on N.
For R, we proceed as before, by integration along null lines, to check that
||∆R±||C0 ≤CN
∫ τ
τ0
(
||∆R−1||L∞(ξ) + ||∆ν||L∞(ξ)
)
dτ′
≤CN
∫ τ
τ0
(
||∆R−1||L∞(ξ) + ||∆ν||W1,1+||∆ντ ||L1
)
dτ′.
Similar estimates for higher derivativeshold inL1 after commuting the equations as in the previous
section. Using ∣∣∣∣∣∣ 1x2
1
− y2
1
− 1
x2
2
− y2
2
∣∣∣∣∣∣ ≤ |x
2
1
− x2
2
| + |y2
1
− y2
2
|
|x2
1
− y2
1
||x2
2
− y2
2
|
to estimate the differences for the terms containing 1/
(
(Rǫiτ )
2 − (Rǫiξ )2
)
, we also obtain easily the
necessary estimates for Ω∆νξ andΩ∆ντ .
Finally, we have trivially the following estimates for∆A,∆U in L2 (and not derivatives thereof):
d
dτ
||U,A||2
L2
≤ (N∆)2(τ)
and similalry, we have estimates on ∆ν and ∆R simply from the definition of N∆. Thus, putting
everything together, we have the following estimate from which the result follows:
N∆(τ)2 ≤ N∆(τ0)2 + CN
∫ τ
τ0
(N∆)2(τ′)dτ′. 
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7 Global geometry of weakly regular T2–symmetric spacetimes
7.1 Continuation criterion
We are now in a position to complete the proof of Theorem 1.2 in this section. Combining
Theorem 6.1 and Proposition 5.3, we obtain that, for any weakly regular T2-symmetric initial data
with contant R = R0, there exists a weakly regularT
2-symmetric Lorenztianmanifold arising from
this data with admissible areal coordinates. Consider one such development and let R1 denote the
final time of existence of this solution. Note that, in conformal coordinates, we have the following
lower bound:
Rτ ≥ 1
2
(
inf
τ=τ0
Ru + inf
τ=τ0
Rv
)
, (7.1)
where we have used the notation of the previous section. Since, the conformal time of existence
given by Theorem 6.1 only depends on the initial norm (6.1), it follows that the areal time of
existence of the solution is bounded below by a constant depending only 6.1. Hence, we have the
following continuation criterion.
Lemma 7.1 (Continuation criterion). Let (U,A, η, a) be a solution to the equations (4.21)–(4.25) with
the regularity U,A ∈ C0
R
(H1θ(S
1)) ∩ C1
R
(L2θ(S
1)), η ∈ C0
R
(W1,1θ (S
1)) ∩ C1
R
(L1θ(S
1)), a, a−1 ∈ C0
R
(W2,1θ (S
1)) ∩
C1
R
(W1,1
θ
(S1)), and defined on an interval of time R ∈ [R0,R1). Assume that R1 < ∞ and that the norm
N := ||U,A||H1(R) + ||UR,AR||L2(R) + ||η, aR, aθ||W1,1(R) + ||ηR, aRR, aRθ, aθθ||L1(R) + ||a, a−1||L∞(R)
is uniformly bounded on the interval [R0,R1). Then, the solution can be extended beyond R1 with the same
regularity.
As a consequence, we can prove the existence of global solutions in areal coordinates provided
we derive uniform estimates on the above norm, aswedo now in the rest of this section. Moreover,
since one can approximate (locally in time, at least) weakly regular solutions by smooth solutions,
we consider, in the rest of this section, a smooth solution (U,A, η, a) to the equations (4.21)–(4.25).
defined on some interval of time [R0,R⋆) for some R⋆ > R0. We search for now bounds that are
uniform on this interval [R0,R⋆). Constants that depend on the (natural norms of the) initial data,
only, are denoted by C, while constants that also depend on R⋆ are denoted by C
⋆.
7.2 Uniform energy estimates in areal coordinates
Both energy-like functionals
E(R) :=
∫
S1
E(R, θ) dθ, E := a−1(UR)2 + a (Uθ)2 +
e4U
4R2
(
a−1(AR)2 + a (Aθ)2
)
and
EK(R) :=
∫
S1
EK(R, θ) dθ, EK := E +
K2
4R4
e2η a−1
are non-increasing in time, since
d
dR
E(R) = − K
2
2R3
∫
S1
E e2η dθ − 2
R
∫
S1
(
a−1 (UR)2 +
1
4R2
e4U a (Aθ)
2
)
dθ,
d
dR
EK(R) = −K
2
R5
∫
S1
a−1e2η dθ − 2
R
∫
S1
(
a−1 (UR)2 +
e4U
4R2
a (Aθ)
2
)
dθ.
These functionals yields a uniform control for all times R ≥ R0.
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Lemma 7.2 (Energy estimates). The following energy bounds hold
sup
R∈[R0,R⋆)
E(R) ≤ E(R0), sup
R∈[R0,R⋆)
EK(R) ≤ EK(R0),
as well as the spacetime bounds∫ ∞
R0
∫
S1
(
c1 (UR)
2 a−1 + c2 (Uθ)2 a + c3 (AR)2 a−1 + c4 (Aθ)2 a
)
dRdθ ≤ E(R0)
with
c1 =
2
R
+
K2
2R3
e2η, c2 :=
K2
2R3
e2η,
c3 =
K2
8R5
e4U+2η, c4 :=
1
2R3
e4U +
K2
8R5
e4U+2η,
and ∫ ∞
R0
∫
S1
K2
R5
e2η a−1 dRdθ ≤ EK(R0).
Moreover, since the function a is bounded above and below on the initial slice R = R0, the
initial energy E(R0) is comparable with the H
1 norm of the data U,A, that is,
C1 E(R0) ≤ ‖(U,U
0
,A,A
0
)‖L2(S1) ≤ C2 E(R0)
for constants C1,C2 > 0 depending on the sup norm of the data at time R = R0, only. To have
similar inequalities at arbitrary timesR requires a sup-normbound on the othermetric coefficients,
which we derive below.
We now derive direct consequences of the energy estimate in Lemma 7.2.
Lemma 7.3 (Upper bound for the function a). The function a satisfies the upper bound
sup
[R0,R⋆)×S1
a ≤ sup
S1
a,
as well as
1
2R
∫
S1
|(1/a)R| dθ ≤ EK(R0).
Proof. From (4.24) we see that a decreases when R increases, which implies the desired sup-norm
bound for a. The other estimate follows immediately from the equations (4.24) and (4.25), since
0 ≤ −2 aR a−1 ≤ K
2
R3
e2η a−1 = 4R (EK − E) ≤ 4REK. 
Lemma 7.4 (Estimates for the function η). The function η satisfies the integral estimates
1
R
∫
S1
|ηR| a−1 dθ ≤ EK(R0), 1
R
∫
S1
|ηθ| dθ ≤ E(R) ≤ E(R0)
and the pointwise estimate
|η(R, θ)| ≤ RE(R0) +
∣∣∣∣ ∫
S1
η dθ′
∣∣∣∣ + ( sup
S1
a
) R2 − R20
2
EK(R0).
46
Proof. We have
|ηθ| ≤ RE, |ηR| a−1 ≤ RE + a
−1
4R3
e2ηK2 = REK.
On the other hand, in view of Lemma 7.3, for any θ, θ′ ∈ S1 we have
|η(R, θ) − η(R, θ′)| ≤ RE(R).
Thus, by integrating in θ′, we find∫
S1
η(R, θ′) dθ′ − 2πRE(R) ≤ 2πη(R, θ) ≤ 2πRE(R) +
∫
S1
η(R, θ′) dθ′.
On the other hand, we have∣∣∣∣∣
∫
S1
η(R, θ′)dθ′
∣∣∣∣∣ ≤
∣∣∣∣∣
∫
S1
∫ R
R0
ηR(R, θ
′)dθ′
∣∣∣∣∣ +
∣∣∣∣∣
∫
S1
η dθ′
∣∣∣∣∣,
and we can evaluate the second term on the right-hand side above from Lemma 7.3, as follows:
∣∣∣∣∣
∫
S1
∫ R
R0
ηR(R, θ
′)dθ′
∣∣∣∣∣ ≤
(
sup
S1
a(R, .)
)
R2 − R20
2
EK(R).
The desired conclusion then follows from the energy estimates in Lemma 7.2 and the upper bound
on a in Lemma 7.3. 
7.3 Conclusion of the proof of Theorem 1.2
We now conclude by deriving We already know that a is non-increasing and, so, bounded above.
Deriving a lower bound is more delicate.
Lemma 7.5 (Lower bound for the function a). The function a satisfies
a−1 ≤ C⋆.
Proof. Using Lemma 7.4, we find (a−2)R ≤ CR−3 eCR2 and, by integration,
a(R, θ)−2 − a(θ)−2 ≤
∫ R
R0
C
eCR
′2
R′3
dR′
≤
∫ R
R0
C
2R′eCR
′2
2R′4
dR′ ≤ C1
(
eCR
2 − eC
)
.
By estimating a(θ)−2, this concludes the proof. 
Lemma 7.6 (Estimates of the functions U,A). The functions U,A satisfy the integral estimate∫
S1
(
U2t + A
2
t +U
2
θ + A
2
θ
)
dθ ≤ C⋆,
and the pointwise estimate
sup
[R0,R⋆]×S1
(
|U| + |A|
)
≤ C⋆.
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Proof. It follows immediately from the energy estimates and the estimates for a and a−1 that∫
S1
(
U2θ + e
4U A2θ
)
dθ ≤ C⋆,
∫
S1
(
U2t + e
4U A2t
)
dθ ≤ C. 
Lemma 7.7 (Additional estimate for the function a). The mixed derivative of the metric coefficient a is
controled by the energy density
|(ln a)Rθ| ≤ K
2
2R2
e2ηE,
and, therefore, its θ-derivative satisfies the pointwise estimate
|aθ| ≤ C⋆.
Proof. Taking the θ derivative of (ln a)R = −e2η K2/(2R3),we obtain
∣∣∣(ln a)Rθ∣∣∣ = ∣∣∣ K2
4R3
e2η2ηθ
∣∣∣∣ ≤ K2
2R3
e2η RE,
since |ηθ| ≤ RE. From the identity
(a−1e2η)R = 2Re2ηE, (7.2)
we obtain
|(ln a)Rθ| ≤ K
2
4R3
(a−1e2η)R.
The second statement follows immediately by integration and using Lemmas 7.5 and 7.4. 
Finally, we obtain further control on the metric coefficient a.
Lemma 7.8 (Higher-order estimates on a). The following uniform estimates hold:
||aRθ, aRR, aθθ||L1(R) ≤ C⋆.
Proof. For the mixed derivative aRθ, this follows from the pointwise estimate derived the previous
lemma and the energy bounds. For the derivative aRR, this follows from the L
1 uniform estimate
on ηR by commuting the evolution equation for a. For aθθ, we proceed as follows. Note first that(
a−2(e2η)R
)
R
−
(
e2η
)
θθ
= 4e2η
(
a−2η2R − η2θ
)
+ 2e2η
((
a−2ηR
)
R
− ηθθ
)
.
The second term on the right-hand side is known to be uniformly bounded in L1, using the wave
equation for η. For the first term, we note that it involves the product (a−1ηR + ηθ)(a−1ηR − ηθ).
This is a null product which rewritten in terms of U and A and up to uniformly bounded factors
is the sum of uniformly bounded functions and the null products (a−1UR + aUθ)2(a−1UR − aUθ)2,
(a−1AR + aAθ)2(a−1AR − aAθ)2. However, these are bounded in spacetime L1 as an application of
Lemma 6.9. On the other hand, we have
(ln a)Rθθ =
K2
2R3
(
−e2η
)
θθ
=
K2
2R3
((
a−2(e2η)R
)
R
+ F
)
,
where F is a function bounded uniformly in L1([R0,R∗]×S1). The result then follows by integration
of the previous equation, using an integration by parts and the L1 estimate on ηR to control the
term arising from
(
a−2(e2η)R
)
R
. 
This completes the derivation of global-in-time uniform estimates and, hence, the proof of
Theorem 1.2. We can now reformulate our existence result in coordinates, as follows.
48
Theorem 7.9 (Global existence in areal coordinates). For any weakly regular initial data set with
constant area R = R0 > 0, the system of partial differential equations describing T2–symmetric spacetimes
in areal coordinates admits aweak solutionU,A, ν, a,G,H, satisfying the regularity conditions (3.8), defined
on the whole interval [R0,∞) and which is unique among the set of functions satisfying (3.8). The solution
then constructed has the following regularity:
U,A ∈ C0R(H1θ(S1)) ∩ C1R(L2θ(S1)), η ∈ C0R(W1,1θ (S1)) ∩ C1R(L1θ(S1)),
a, a−1 ∈ C0R(W2,1θ (S1)) ∩ C1R(W1,1θ (S1)),
G,H ∈ C0R(L∞(S1)), GR,HR ∈ C0R(W1,1θ (S1)) ∩ C1R(L1θ(S1)).
We emphasize that additional regularity of the metric is established here, which was not
required to express Einstein’s field equations in the weak sense, but was deduced from the
structure of the Einstein equations under the assumed symmetry.
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